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Abstract. We study the action of the arithmetic fundamental group of the moduli space 
of elliptic curves on completions of braid groups in genus 1. This action factors through 
an explicit profinite group GT e ;;, which is an analogue of the Grothendieck-Tcichmuller 
group and may be viewed as the group of universal automorphisms of elliptic structures 
over braided monoidal categories. We relate the action of GT e ;; on braid groups in genus 
1 to that of a prounipotcnt version GT e ;;(— ) of GT e ;;. We prove that the Lie algebra of 
GT e ;;(— ) is isomorphic to a graded Lie algebra, using a scheme of elliptic associators. This 
enables us to compute the Zariski closure of the image of the mapping class group in genus 
one B3 in the automorphism groups of the prounipotent completions of the braid groups 
in genus 1. Wc study algebraic relations between multiple zeta values (MZVs) and iterated 
Mellin transforms of Eisenstein series, derived from the action of B3 on a particular elliptic 
associator. 



Introduction 

In this paper, we develop an elliptic analogue of the theory of associators and the Grothen- 
dieck-Teichmuller group. We first review some results in this theory (Section 1). We then 
state our main results (Section 2): the construction and properties of a group scheme related 
to representations of the arithmetic fundamental group of the moduli space of elliptic curves 
(Theorem 7); the computation of the Zariski closure of the image of the mapping class group in 
genus one in natural representations (Theorem 8); algebraic relations between iterated Mellin 
transforms of Eisenstein series and multizeta values (MZVs) . 

We then develop the theory leading to the proof of these results. We introduce the notion of 
an elliptic structure over a braided monoidal category (BMC) (Section 3) ; such a structure gives 
rise to representations of braid groups in genus 1. The universal endomorphism semigroup of 
elliptic structures is an analogue GT_ eU of the Grothendieck-Teichmiiller semigroup GT (Section 
4), which we identify with an extension GL2 Z of GL 2 (Z) by Z; GT eH admits a prounipotent 
version GT e n(k), which decomposes as a semidirect product GT e »(k) ~ i? e /;(k) xi GT(k). We 
construct a scheme Ell(k) of elliptic associators (Section 5); elements of Ell(k) give rise to ellip- 
tic structures over particular BMCs, and yield formality isomorphisms of braid groups in genus 
1. Ell(k) is a torsor over GT e j;(k); we have a natural torsor morphism Ell (in) — > M(k) to the 
scheme of associators, which admits a section M(k) -A Ell(k). We study the group GRT e «(k) 
of GT e /; (k)-automorphisms of Ell(k) (Section 6). We have again a semidirect product de- 
composition GRT e /;(k) ~ if| ; r ; (k) x GRT(k), compatible with the torsor morphisms; moreover, 
Lie GRT e ;/ is graded. The nonemptiness of Ell(k) then implies that Lie GT e u is isomorphic to a 
graded Lie algebra. We exhibit an explicit graded Lie subalgebra 63 C Lie R%] this Lie algebra 
arose in the study of a universal version of the Knizhnik-Zamolodchikov-Bernard (KZB) con- 
nection in [CEE] from the explicit comparison of 'infinitesimally close' formality isomorphisms. 

The analogue of the KZ associator is a map Sj A Ell(C) (where Sj is the Poincare half-plane); 
the e(r), r G f), give rise to the formality isomorphisms from [CEE]. We relate ct($kz) to a 
renormalization of e(r) {<&kz is the KZ associator), and we study the behavior of the map 
t 1 — )■ c(t) under the action of B 3 ~ SL 2 Z C GT eH (Section 7). 
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These results enable us to compute the morphism B3 ^ R e u (C) —t R 9 ^ (C) associated with 
o~($kz), ; it gives rise to an isomorphism Lie(i?3) c ~ bg of the Lie algebra of the Zariski closure 
of the canonical morphism B 3 — > R e ii(Q] with the degree completion of b3 (Section 8). 

We gather some conjectures in Section 9. We conjecture that the inclusion b3 C Liei?^ 
is actually an equality (Generation Conjecture). We relate this conjecture to the question of 
the Zariski density of a canonical morphism B3 — > R e u (k) and to a (very bold) Transcendence 
Conjecture on the coefficients of <&kz- 

We then prove the results of Section 2. The results on representations of arithmetic funda- 
mental groups and on Zariski closures are proved in Section 10. The theory of iterated Mcllin 
transforms of modular forms is developed in Section 11; there we also prove the results on 
Mcllin transforms of Eisenstein series announced in Section 2. 

Acknowledgements. The author would like to thank P. Etingof and D. Calaque for discus- 
sions and their collaboration in [CEE], and J. Barge, H. Furusho and D. Harari for discussions. 

1. The theory of associators 

1.1. Profinite Galois representations. Let n > 3 and Mq n be the moduli stack over Q of 
genus curves with n marked points. It is equipped with a collection of rational tangential 
base points corresponding to maximally degenerate curves, which we may view a sections of 
the morphism M^ n — > Spec Q. 

We denote by To. n the fundamental groupoid of M^ n with respect to these base points, and 

by T 0v n its profinite completion. We then have a group morphism Gq = Gal(Q/Q) — >• Aut(To.„) 
(see [Gl, Dr]). 

Theorem 1. ('[Dr, Sch}) This morphism factors as Gq — > GT — > Aut(To, n ), where GT is an 
'explicit' profinite group. 

Here 'explicit' means that GT is defined by a collection of equations in a product of profinite 
groups. 

1.2. Pro-/ and prounipotent completions. If ir is a group and / is a prime number, we 
denote by tti and tt(— ) be its pro-/ and Q-prounipotent completions; 7r(— ) is a Q-group scheme, 
i.e., a functor {Q-rings} — > {groups}. If n is finitely generated, then we have a morphism 
tti 7r(Qi) (see [HM], Lemma A.7). 

Recall that if G(— ) is a Q-group scheme, then its Lie algebra is Lie(G) := Ker(G(Q[e]/ (e 2 )) — > 
G(Q)). Then g := Lic7r(— ) is a pronilpotent Q-Lie algebra. For k a Q-ring, we set 0k := 
lim^(fl/fl„) <S> k (where g = 0, Qn+i = [fl,fln])- 

We then define a Q-group scheme Aut7r(— ) by Aut_7r(k) :— AutLic(flk)- We then have 
a morphism Aut n (-) — > GL(g ab ) with prounipotent kernel (here g ab = g/fli). As 7r(k) = 
cxp(gk), we have a group morphism Aut7r(k) — > Aut(7r(k)) for any Q-ring k, denoted 9 n> 9*. 
Note that Lie Aut tt = DerLie7r. 

We then define a group Aut(7r(Q;), m) := {(9, 61) G Aut7r(Qj) x Aut(-7r ; )|6'*i = i9i}, where 
i : tti —> 7t(Q;) is as above. We have morphisms 

(1) Aut(7r ; ) <- Aut(7r(Qj), tt;) ->• Aut7r (QQ. 

Let now Q =4 B be a groupoid where for any b € B, Q(b) is finitely generated. We denote 
by Gi, Q(-) its pro-/ and prounipotent completions, given by Qi(b, c) := G(b)i Xgm G(b,c) and 
G(k)(b,c) := G(b)(k) Xgm G{b,c). We have a morphism Gl ~ > G{Qi)- G(-) is a prounipotent 
groupoid scheme, i.e., a functor {Q-rings} — > {groupoids}, such that for each b e B, G{—){b) is 
prounipotent. 
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Assume that Q is connected (i.e., for any 6, c e B, Q(b, c) ^ 0). Then the choice oi b G B and 
.96c S £?(&, c) for any c 6 £? — {&} gives rise to an isomorphism Aut(<7) ~ Tr- 8 ^^ xi Aut(7r) where 
7t = <?(&); the inverse map takes (9, (g c ) ce B-{b}) to the automorphism whose restriction to Q(b) 
is 9 and such that gb c H» g& c <? c . We then define a Q-group scheme Aut Q (-) by Aut g (k) := 
■7r(k) B ~{ b } xi Aut 7r (k); we have a group morphism Aut Q (k) — > Aut(<7(k)) for any Q-ring k. We 
define as above a group Aut(£7(Qj), ft), equipped with morphisms 

Aut (ft) <- Aut(0(Q,), ft) -> Autg (Qi). 

f.3. Pro-^ Galois representations and the group scheme GT(— ). We now study the 
composite morphism Gq — > Aut(To,„) — > Aut(TQ n ). The following theorem can be derived 
from [Dr, Sell]. 

Theorem 2. 1) This morphism admits a factorization Gq — > Aut(T 0i „(Qi), T^ n ) — > Aut(Tg „). 
2) There exists a Q-group scheme GT(— ) with the following properties: 

(a) we have an epimorphism GT(— ) — > G m with a prounipotent kernel; 

Gq -> Z x 

(b) for any I, we have a morphism Gq — > GT(Q;) ; fitting in a diagram I 1 

GT(Q,) -»■ Q* 

(c) we have a morphism GT(— ) — > AutT 0! „(— ), such that the diagram 



Gq- -Aut^J 



Aut(T 0in (Q,),3o, n ) 



GT(Qj) AutT , ra (Q;) 

commutes. 

Let us say that a Q-group scheme 7r(— ) is graded if g := Lie7r is equipped with a decom- 
position g = ®fe>odfe, such that [afc,ct/] C dfc+;. A morphism ir(— ) — > 7r'(— ) is called graded iff 
the map q — > q' preserves the gradings. If ir(— ) is graded and prounipotent, then do = and 
Aut 7r (— ) is a graded Q-group scheme. 

A connected Q-groupoid Q{— ) is called graded, prounipotent, etc., if Q{— ){b) has the same 
properties for some (equivalently, any) b 6 B. If Q 9r {— ) is a graded prounipotent group scheme, 
then Aut Q gr {— ) is a graded group scheme. The following theorem may be derived from the 
theory of associators. 

Theorem 3. (|Dr, E\) There exists a graded group scheme GRT(— ), a prounipotent graded 
groupoid scheme T gr (—), a graded morphism GRT(— ) — > Aut Tf> r (—) and isomorphisms GT(— ) — > 
GRT(— ), T n (—) — > T9 r {—), such that the diagram 

GT(-) -> AutT n (-) 

I i 
GRT(-) -> AutT^(-) 

commutes. 
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1.4. Multiple zeta values. The main ingredient in the proof of Theorem 3 is the theory of 
associators. This theory also applies to the theory of relations between multiple zeta values 
(MZVs). These numbers are defined by 

C(k u ...,k m ) := 31 -J— 

0<m<...<n m 'h " ' llm 

for m,ki, . . . ,k m 6 Z >0 and k m > 1. 

Define then the noncommutative formal power series 

$kz:=1+J2 E ((ku...,k m )ip(A k i- 1 B---A k ™- 1 B), 

m>0 fci,...,fe m -i>0,fe m >l 

where for w e C((A, £>)), ip(w) = J2k z>o( — ^) k+l B l d\d l B (w)A k , and 8a, ds are the commuting 
derivations such that 8a ■ (A, B) i-» (1, 0) and 8b ■ {A, B) i-> (0, 1). 

Theorem 4. ([DrJJ <&kz is group-like in the structure for which A,B are primitive. It satisfies 
the duality, hexagon and pentagon relations 

®kz(B,A) = $ KZ (A,B)-\ <$> KZ {A,By* A <$> KZ {C,Ay* c $> KZ (B,C)e}* B = 1, 

®Kz(t23,h4)&Kz{tl2 + il3i *24 + K Z (tl2 , ^23) = <&Kz(tl2, ^23 + ^^ATZ (^13 + ^23, ^34) 

where the Uj are subject to tji — Uj , [Uj,tik + tjk] = 0, [tij,tki] = for i,j,k,l distinct, and 
A + B + C = 0. 

Other families of relations between MZVs are known, like the stuffle relations; however, it 
has been shown ([F2]) that these relations are implied by the pentagon relation. It has also 
been shown ([Fl]) that the pentagon relation implies the hexagon and duality ones. 

2. The main results 

This theory is based on the action of the algebraic fundamental group 7Ti(M^ 12 ) on comple- 
tions of elliptic braid groups, based on the fibration M^ n — > Mj\, as studied in [G2, O]. 

2.1. Proflnite Galois representations. Let M^ l2 (resp., M^ n ) be the moduli space of triples 
(E,p, v) of an elliptic curve, a marked point and a nonzero tangent vector at this point (resp., of 
pairs (E,p) of an elliptic curve and an injection p : {1, . . . , n} — > E). A rational tangential base 
point £ on M^ l2 is provided by the Tate elliptic curve G m /<7 Z , with marked point (g z , z-^), at 
the formal neighborhood of q — 0. We have a fibration M® n — > AfJ\ and if we set Mj? l2 n _ 1 := 
M ?, n i x m® 1 M ?,i 2 > we derive a fibration M^ l2 n _ 1 -)■ M® l2 . 

We also have a collection (or)Te{trees} of sections of this fibration, indexed by rooted triva- 
lent planar trees, with leaves indexed by {l,...,n} (the root is not a leaf), modulo 'mirror 
symmetry'. Let T e a „ be the fundamental groupoid of the fiber of £ with respect to the points 

MO- 

As in [G2, O], we get a morphism 
(2) ^ 1 (M 1 Q l2 ,0^Aut(f„ e "). 



Note that we also have an exact sequence 1 — > B 3 — > 7Ti(M^ 12 ,£) — > Gq — > 1; a section is 
provided by the base point £, it gives rise to an isomorphism 

7n(Af£ 12 )~i?3 X Gq. 

The morphism Gq — > Aut(Bs) has been computed in [Na], Cor. 4.15 (we recall it in Subsection 
10.1). 
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Proposition 5. We have a commutative diagram 

I I 
GL 2 (Z) 3 Z x 

where bottom morphisms are det and ( o ? ) an< ^ right map is the cyclotomic character. 

Theorem 6. The morphism (2) factors as m(M® 12 ) -> GT eU -> Aut where GT eU is 

an 'explicit' profinite group. Moreover, we have a semidirect product decomposition GT e ;; ~ 
R e ll xi GT, compatible with the semidirect product decomposition of tti(M® 12 ). 

Here 'explicit' has the same sense as above. 

2.2. Pro-/ Galois representations. We now study the composite map ni(M® 12 ) — >• Aut(T e H )Tl ) — > 
Aut(Tj H n ). Its restriction to Gq is computed in [Na] for n = 1, 2. 

Theorem 7. Tftis morphism admits a factorization m(M® 12 ) — > Aut(T e H )Tl (Qj), T l ell n ) — > 
Aut(Ti H; J. 

There exists a group scheme GT e «(— ) with a semidirect product structure GT e j/(— ) ~ 
Reii(-) x GT(— ) and the following properties: 

GT eII (-) a GT(-) 

(aj we /iaue a diagram I I where the vertical morphisms have prounipo- 

GL 2 — > G m 

ien£ kernels; 

(b) for any I, we have a morphism tt\(M^ i2 ) — > GT e ;;(Q;), which extends to a morphism 

ni(M* 13 ) 4 Gq GTei,(Q0 4 GT(Q ; ) 
/rom | I to I I 

GL 2 (Z) 4 Z x GL 2 (Q ; ) a <Q>* 
fcj i/iere is a morphism GT e ;;(— ) — > AutT e ^„(— ), suc/i i/iai 

tt^M^) -Aut(Ti Hj J 




Aut(T eH ,„(QO,Ti Hi J 



GT d ,(Qi) *> AutT di ,„ ((Q0 

corarmties. 

5j There exists a graded group scheme GRT e ;;(— ), a prounipotent group scheme T^ n (— ) 
and isomorphisms GT e «(— ) — > GRT e ;;(— ), T e ;( i „(— ) — >• T r ^ ln {—), such that the diagram 

GT e „(-) -> AutT e „,„ (-) 

I I 
GRT e „(-) -> AutTf-J -) 

commwies. 

The third statement follows from the theory of elliptic associators developed in this paper. 
Using the morphism _B 3 — > R e u(Q), one derives from it the following statements. 
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2.3. Computation of Zariski closures. Let P\. n be the pure braid group of n points on a 
curve of genus 1. We have an identification B3 ~ T± \i between the the Artin braid group 
in 3 strands and the mapping class group of a surface of type (1,1) with marked boundary. 
Therefore we have morphisms B 3 — > AutPi, n — > AutPi in (Q). Let (P 3 )(-) ^ AutPi in (-) be 
the Zariski closure of P3. 

On the other hand, let ti,2 be the Q-Lie algebra with generators x ± , t and relation [x + , x~] + 
t = 0. Dcr*(ti,2) := {S G Derti i 2|(5(i) = 0} is graded by degx* = 1. There are uniquely 
defined derivations e+,e-,5 2 k {k > 0) in Der*(ti ; 2), such that e+,e^ extend the actions of 
(oo)'(io) esl 2 011 Span(x + ,x_), S 2k has degree 2k + 2 and S 2k (x + ) = a,d(x + ) 2k+2 (x-). We 
denote by b 3 := (s( 2 , 5 2k , k > 0) the Lie subalgebra of Der 4 ,(ti j2 ) generated by these elements; 
it inherits the grading of Der„(ti. 2 )- 

Theorem 8. 1) The Lie algebra Lie(P 3 ) is isomorphic to the degree completion 0/63. 

2) There exists a positively graded Lie algebra i\ tn , an isomorphism LiePi jn ~ i\, n , an d a 
graded morphism b 3 — > Dcrti jn , such that the diagram 

Lie(P 3 ) -> DerLiePi i7l 
b 3 ->■ Der ti, n 

commutes. 

An explicit presentation of ti, n is by generators xf, i G {1, . . . , n} and relations J2i x t = 0; 
[xf,xf] = 0, [x~j,x^] = [xf,xj](= tjk) for k =f j, [xf,t ]k ] = for i,j,k distinct. The action 
of b 3 on ti.„ is then e± ■ xf = xf, e± ■ xf = 0, 5 2m ■ xf = ad(xf) 2m+2 (x^), S 2m ■ xf = 
3 E P+9=2fe+ i (- 1) P I(ad xf y (xf ) , (ad xfY{xf )] . 

2.4. Iterated Mellin transforms of Eisenstein series and MZVs. In Section 11, we intro- 
duce the iterated Mellin transform ^ (s\, . . . , s n ) of a family of modular forms fi, ■ ■ ■ , f n - 
We set L*^ ln := L*^ ^ for /j = E 2 i i+2 , where E 2 i +2 is the Eisenstein series of weight 21 + 2 
(equal to 1 at ioo). We will give relations satisfied by the numbers 

4,...,l„(*i+ 1 > ■ ■ • ' fc « +1 ) : = (27ri) 2 (' 1 +-+ i ")+" L*_ ... iJn (fci+l, . . . , fc„+l), fcj = 0, . . . , 2fei 

and between these numbers and the MZVs. 

Let b3 be the complex Lie algebra with generators e±, (52m, m > 0, and relations [[e+, e_], e±] = 
±2e±, [e_,y = (ade + ) 2m+1 ((5 2m ) = 0. It is graded by dege± = 0, deg<5 2m = 2m + 2. The 
action of s[ 2 = (e+, e_) on the positive degree part fa^ of b 3 extends to an action of PSL 2 (C). 

We have a Lie algebra morphism 63 — > b 3 , e± i-> e±, <5 2m i-> <5 2m , which prolongates into b 3 -» 
63 Der(t^ 2 ); the latter morphism extends to an algebra morphism U(b 3 ) — > Endy ect ((7tf 2 ), 

compatible with the morphism SL 2 (C) -> Aut ( [7t? 2 ) induced by ( a b . ) ( x t ) = ( ax t+^7_ ) . The 
matrix realization of 5(2 = (e+, e_) is then e_ o (gj), e + o ( ? §) ■ 
Define (a 2i )i>o by 1 + J2i>o a 2l x 2l + 2 = { ex/2 ff e _ x/2 ) 2 . 

Theorem 9. Let 

a ST V" V" -\n T i a , 1 7 ni (ade-f 1 ^) (ad e_) fe ™ ((5 2i J 

0:= z^ ••• ( 2?ri ) L i 1 ...,i„( fc i +1 '-"' fc » +1 )-°2'i ^ ° 2 '" ' 

ra>0/i,...,/ n >0fci=0 fe„=0 ™" 

Then: 

(1) 9 € U(bf) is group-like (the hat means degree completion); 
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(2) let 

2h 2l n 

^=E E E-E (fcl + 1) ... (fcl + ... + fc + (2,1)^-^"). 

n>0i 1 ,...,i n >0fc 1 =0 fc„=0 1*1 + 1 ; 1*1 + +Kn+n) 

(ade_) fel (fe 1 ) (ade_) fe "(5 2 ,J 

•° 2ii j£i a2 <- k\ • 

then 

(3) 6 ■ a(6) = {§$) ■ • = 1, 

w/iere a := ( ° V), = ( \ V) (e PSL 2 (C)j; 

let e := \m{6 e U(b 3 ) -> End(r/t£ 2 )), tfcen 

e i(2.if 5o (o -1)0 . (i^B^A^^^), 

w/iere f(ar,j/) = 04 , a^),) 

, ad27rix . . „ . . 1 ^ ( 27r i r/1 , , ad27ria; . , 

Axz = ^z( ead2ffia _ 1 (V), -2^t)e — ^ y^ Kz{ - H —— {y ),-2n,t)-\ 

-if27rii 2 f^ / ad27rix . 2TiT -, , ad2-7rix , 

fe = e ^ gz ( e _ ad2w;c _ i ( ?/ ) i -2^ 1 t) e 2 — $ gz ( - 55 - T — - (y),- 2 ,rit) 

Remark 10. 1) According to [Za], Ljj(l) = — if (2Z + 1) = (nonzero rational) x ((21 + 1) and 
for 1 < k < 21 + 1, ij(fc) e (27ri) 2 ' +1 Q, where the rational numbers are related to Bernoulli 
numbers. 

2) It can be shown that bg is freely generated by the (ad e_) fc (5 2 i), I > 0, k — 0, ... ,21. It 
follows that (1) can be translated as a shuffle relation 

(4) 

L h,-,lp( kl + 1 > ' • ' ' fc P + 1 ) £ ip + i,...,J»( fc H-l + 1 ' ■ • ■ ' fc « + 1 ) = E 4,(1),..,^) ( fc ^(l) +1 ' ■ • ■ . fc -(") 

Similarly, (2) and (3) can be expressed as a family of polynomial relations on 27ri and the 
L\ l (k\, . . . , k n ) of degree 2 (resp., 3) with rational coefficients, which may be viewed as 
homogeneous if 2ir i has weight 1 and ln (k\ , . . . , k n ) has weight 2(Zi H + l n ) + n. 

3) It can be shown that ip := im(^ G U(b 3 ) -> End(C/t£ 2 )) is such that e"A (2^) 2 <5o,0( l l ) . 
(Akz,Bkz) !->■ (Akz,BkzAkz)- 

Define Z„ := Span Q {(2-7r i) a C(fci, ■ • ■ , fc P )l a + fci H h/c p = n} C C; then k M zv := Sn>o Z ™ 

is a subring of C, and Z„ Z m C Z„ +m . Recall that ti, 2 is defined over Q; we equip it with the 
degree degx = (1,0), degy = (0, 1). 

Relation (4) then gives: 

Proposition 11. Any I e (Der ti, 2 );* fe yie/ds a relation 

]T rf ) ,(27ri)"Lf i ,...,i„( fc i + 1 ''- - ,*n + l)eZ fe+i , 

(«AD I 

felH hfcn+^— fc, 

ii + ---+;„+n=(fe+()/2 

w/iere i/ie rf fc are in Q. 

Relation (4) does not allow to compute the l (k\, • • • , k n ) in terms of MZVs, as there 

are nontrivial relations in b3 between the (ade_) fe (5 2 /). For example, the space of quadratic 
Lie relations between the <5 2 ; of a given weight (where wt(<5 2 ;) = 21 + 1) is isomorphic to the 
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space of cusp forms for SL,2(Z) of the same weight, and the quadratic relation of lowest weight 
says that [^2 , <?s ] and [^4, <^6] are proportional. 

In particular, wc do not know whether i n {ki, • • • , k n ) E Z 2 (; H H n )+n i n general. 

3. Elliptic structures over braided monoidal categories 
We now develop the theory of elliptic associators, starting with elliptic structures over BMCs. 

3.1. Definition. Let (Co, <S>, /?-,-, a-,-,-, 1) be a braided monoidal category (see e.g. [Ka]). 
Here <g> : Co x C is the tensor product, (3 x ,y ■ X <g> Y — > Y <g> X and ci x ,y,z ■ {X ®Y) Z -» 
X <g> (y ® Z) are the braiding and associativity isomorphisms and 1 is the unit object. They 
satisfy in particular the pentagon and hexagon identities 

ax,Y,z®rax®Y,z,T = (idx ®aY,z,T)ax,Y®z,T(ax,Y,z ® idr), 

(idy ®/3| iZ )ar,x,z(/3|,y ® idz) = ayzx^y^a^yz, 
where y = /3*,y = Pyjc- 

Definition 12. 4n elliptic structure over Co is a set (C, F, AZ _, AZ _), w/iere C is a category, 
F : Cq — > C is a functor inducing a bisection 1 Ob Co — ObC, and _ are natural 2 assignments 
(ObC ) 2 9 (X, y) i ^ A* y e Aut c (A <g> y), suc/i that: 

(5) a t,x,y a y>,A- a x,yz = id(x<g>y)®z, 
where a XYZ = F{j3 X Y&z )A% Y(SiZ F{a x .Y,z), 

F{(3 y .xPx.y ® id z ) = (^Vx'yz 

(6) F((/3^V ®id z )a Fi 1 XiZ )(^x®z) _1 ^(«v-,x,z(/?y 1 x ® idz))), 

(identities 3 in Aut c ((A <g> y) ® Z) for any X,Y,Ze ObC , and 

(7) A X1 = idx®i /or any X e ObC . 

A morphism (C , C, F, — > (C' ,C',F', A r± _) is then the data of a tensor functor C ^ C 

Co — > C 

and a functor C A C, such that ! 1 commutes, and </?(A~^ y ) = ^4^( X j <po{Y)' 

C -> c 

Remark 13. Taking (7) into account, axiom (5) can be replaced by 

4®y,z = ® ^z)a Y x xz )A YX(ijZ F{aY,x.z^x^Y ® idz)ajr!y,z)^l,y<8Z f (a*,^)- 

The axioms (5)-(7) also imply F(/?± X )A± X F(^ y )A± y = id^y and F{(3 y ,xPx,y) = 



1 For C a category, ObC is its class of objects; for X, Y 6 ObC, Iso c (X, y) C C(X, Y) is the set of 
(iso)morphisms X — > Y, Autc(X) = Isoe(X,X). 

Natural means that tiipe C (X,X'), ip e C (Y,Y'), then A±, Y ,F{ip®ip) = F(ip®ip)A± Y 
3 In (6) and later, we set (g, h) := ghg^ 1 h^ 1 . 
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3.2. Relation with elliptic braid groups. The reduced elliptic braid group on n strands 
Bi^ n can be presented by generators <7i (i — 1, n — 1), X^ 1 , and relations 

(<rt 1 X?) 2 = (X?ot 1 ) 2 , (X 1 ± , ( 7 4 )-lforz = 2,...,n-l, (Af, (A+)" 1 ) = a 2 , A±...A± = . 

(8) (ct*,CTj) = 1 for \i - j\ > 1, CTiCi+iCTi = a i+ iai(T i+ i for i = 1, ...,n - 2, 

where Xf +l = or^Xfaf 1 for i = 1, n - 1 ([Bi]). 

The braid group B n on n strands is presented by generators ct,, i = 1, n — 1 and the Artin 
relations (8). We have a morphism B n — > <Jj i-> <Tj. If Co is a braided monoidal category 

and X G ObCo, then there is a unique group morphism ipo : B n — > Aute(A® n ) (A®" is defined 
by right parenthesization, so A* 8 ™ = X <g> A* 8 ™ -1 ), such that 

(J i i-> a,((idx®i-i ®Px,x) <8> idx®"-»-i) a i rl i 
where a, : (X® 1 " 1 ® X® 2 ) ® X®™" 4 - 1 -> A®" is the associativity constraint. 

Proposition 14. If(C,F, _) is an elliptic structure over Co and X G ObCo, then there is 
a unique group morphism B lt1l — > Autc(A®"), such that 

Xf i y 4,x»«-» ^ F(^o(cr 4 ))- 

Proof. Let us check that (ctiA-^) 2 = (X^cti) 2 , i.e., (X+, A^ - ) = 1 is preserved (for simplicity, 
we omit the associativity constraints). By naturality, (Px,y <8> idz)A x ^ Y z = A Y ^ X z(Px,y ® 
idz)- Plugging in this equality the relations A X ^ YZ = ((3 Y ,x<S>idz)A YX<8Z (/3x,Y®idz)A XtY!SiZ 
and A+^ x z = (0 x ,y ® \dz)A XY ^ z {f} Y ,x <S> id z )A YX ^ z , we obtain 

( a x,y®z, (Py,x ® idz)A+ X8Z (^,y ® id z )) = 1; 

if we set Y := X 1 Z := x® n ~ 2 , this says that (A-j^A^) = 1 is preserved. Similarly, one 
proves that (5) with sign — implies that (a^ 1 X^) 2 = (A-f cr^ 1 ) 2 = 1 is preserved. (6) imme- 
diately implies that (Af, (A+ = a\ is preserved. The naturality assumption implies that 
(Af^cTj) = 1 (i > 1) is preserved. The image of X^...X„ is A x ® n ± , which is idx®« by (7). 
Finally, as B n — > Autc (A®") is a group morphism, the Artin relations are preserved. □ 

3.3. Universal elliptic structures. Let Co := PaB be the braided monoidal category of 
parenthesized braids (see [JS, Ba]). Recall that ObCo = U„>oPar„, where Par„ = {parenthe- 
sizations of the word of length n}, so Par = {1}, Pari = {•}, Par 2 = {••}, Par 3 = 
{(••)•,•(••)}, etc. For 0,0' G ObCo, we set \0\ := the integer such that O G Par| |, and 

Co(0,0') := | ^' ' otherwise^ ^ ' ^ C com P 0S ^i° n 1S tne P r °duct in B\q\- The tensor 
product is defined at the level of objects, as the juxtaposition, and at the level of morphisms, 
by the group morphism B n x B n > -> B n+n >, (<7j, 1) i->- cr,, (l,<7j) i-» cr n+ j. We set ao,o>,0" ■= 
1 e B| |+|o'|+|0"| = Cb((0 ® O') ® O", O ® {O 1 ® O")) and fo,o> ■= °-\o\,\o>\ e #|0|+|0'| - 
C (O <g> 0',0' <g> O), where cr„,n' := (o-„...cti)((t„ + i...(T2)---(c„ + „'-i...ct„') G B n+n >. 

Let nowC := PaB e „ be the category with ObC := ObC , C(0, O') := j ^J^^' '' 

and whose product is the composition in i?i joi- Let F : Co — > C be the functor induced by 
the identity at the level of objects, and by B n — > £?i,„, 0% i->- Uj at the level of morphisms. 
For 0,0' e ObC , set A% QI := X^...X± { G Bi,| |+|0'| • Then (PaB eH ,F,^ _) is an elliptic 
structure over PaB. 

The pair (PaB,») has the following universal property: for any pair (Co,M), where Co is a 
braided monoidal category and M G ObCo, there exists a unique tensor functor tp Q : PaB — > Co, 
such that F(») = M. Proposition 14 immediately implies that this property extends as follows. 
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Proposition 15. If now C is an elliptic structure over Co, then there exists a unique morphism 
(PaB,PaB e;/ ) -> (C ,C) ; extending <p . 

3.4. Generalization: elliptic structures over (Co, V). Let V be a category and let Co be a 

braided monoidal category. 

Definition 16. A (Co, T>)- elliptic structure is the data of: 

(a) a category C and a functor F : Cq x D — > C, 

(b) natural assignments (ObC ) 2 x Ob 2? 3 (X,Y,M) H> A%_ YM 6 Aut c {F(X ®Y,M)), 
satisfying the analogues of (5)-(6) with A X ^ Y z , ... replaced by A Xt ^ Y z M , ... and the various 
F(<p) by F(<fi,id M ), as well as A X1M = id F( x,M)- 

KM e Ob D, then we have a functor F(M, -) : C -> C, and 5 (F(M,-)*C,C F(M, -)*C, A 
is an elliptic structure over Co- In particular, we obtain morphisms B\ tTl — > Autc(i ? (X® ra , M)) 
for any IeObC . 

Example 17. If X> is trivial and F induced a bijection between sets of objects, we recover the 
notion of an elliptic structure over Co- 

Example 18. Let H be a QTQBA (quasi-triangular quasi-bialgebra) over a field k and let 
(D,A, B) be an elliptic structure over H (see [CEE], Def. 5.6). Let V := {D-modules}, 
Co := {if-modules}, C := Vect (the category of vector spaces), F : Co x T> — > C be given by 
F(X,M) := (M <g> A) ff , := (tt m <£> n x ® 7r y )(A ± ) (we set A+ = A, A~ = B, then 

A± eD®4 82 ). 

4. The elliptic Grothendieck-Teichmuller group 

4.1. Reminders about GT and its variants. According to [Dr], GT is the set of pairs 
(A, /) G (1 + 2Z) x F 2 , such that 

f(X 3 ,X 1 )XS l f(X 2 ,X 3 )X 2 ^f(X 1 ,X 2 )Xr = 1, m = AiA 2 A 3 = 1, 

/(y,x) = f(x,Y)-\ dsVMf) = Mf)d2(f)d 4 (f), 

where 6 di : F2 C P3 — > P4 are simplicial morphisms. It is equipped with a semigroup structure 
with(A,/)(A',/') = (A",/"),withA^= XX',f"(X,Y) := f(f(X,Y)X* f'(X,Y)-\Y*)f>(X,^ 

One defines similarly semigroups GT . GT ; , GT (k) by replacing in the above definition (Z, F 2 ) 
by their profinite, pro-/, k-prounipotent versions (where k is a Q-ring). We then have morphisms 
GT ^ GT -> GT, GT(Q ; ) and GT -»• GT(k) for any k. 

GT acts on {braided monoidal categories (BMCs)} by (A, f)(Co, f3, a) := (Co,/?', a'), where 
: = /3x,y(/3y,x/3x,y)"\ a-y.y.z : = a x ,Y,zf{/3YxPxY ®'^z,a~ XYZ (\Ax®^zY^Yz)o,x.Y,z)- 
Similarly, GT (resp., GTj, GT(k)) act on {BMCs C such that Aut Co (A) is finite for any 
X e Ob Co} (resp., such that the image of P n — > Autc (A~i ® ■ • ■ (81 A„) is an /-group, is 
contained in a unipotent group). 



4 Natural means that if / e Co(X,A"), g G C (Y,Y'), ifi 6 T>(M,M'), then F(/ ® p, ¥>)A± ^ M = 

5 If F : A -> 2? is a functor, then we define F*B as the category with OhF*B := Ob.4 and (F*B)(X, Y) := 
S(F(X), F(Y")); then F induces a functor A — > F*B, which is the identity on objects. 
6 P n = Ker(B n — > S n , Cj (i, i + 1)) is the pure braid group on n strands. 
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4.2. The semigroup GT e H and its variants. Let us define GT eH as the set of all (X,f,g±), 
where (A, /) G GT, g± G F 2 are such that 

(9) (at 1 *t 1 (w 2 2<n) ±m 9±(Xf,Xi)f(<rl°i)) 3 = 1, 

(10) u 2 = (g_,u- 1 g- 1 u- 1 ) 

(identities in Si ;3 ) where u = f{o- 2 ,a 2 )aif(a 2 ,a 2 )~ 1 , g± — g±(X^~,X^). Note that these 
conditions imply the identities 

(11) (at X g±(X+,X^)f = 1, of = {g.{Xt,X^),g + {Xt,X^)) 
in Bi 2- 

We set (X,f,g ± )(X',f',g' ± ) := (\",f",g±), where 

^(x,F)= ff± ( 5 ;(x,r),^(x,y)). 

Proposition 19. 77ms defines a semigroup structure on GT cll . We have a semigroup inclusion 
GT e ;j C GT x End(F 2 ) op , (A,/,<?±) -> ((A,/),0 ff± ), w/iere = (X ^ 5+ (X,F),y ^ 

Proof. We first prove: 

Lemma 20. // (A, f,g±) G GT eH , fftera t/iere is a unique endomorphism of B\^, such that 

a 1 ^d 1 := f{al,al)a^f{al,al)- 1 , <j 2 ^ a 2 := <j x , Xf ^ g±(X+, Xf). 
for any A' G 2Z + 1, we £/ien /iaue 

(12) /(a^a 2 2 )4 1 a±\a 1 a 2 V) ± ^=^ 2 ±1 ^ ±1 (a 1 a 2 2 a0 ± ^. 

Proof. Recall that we have an elliptic structure (PaB, PaB e ;;, F, _). Applying (A, /, g±) 

to it, we get an elliptic structure (PaB, PaB ,F,A^_). The morphism Bi^ 3 — > Aut^-gen (•(••)) — 
S 13 is then the above endomorphism of Bi^. 

We now prove (12). The hexagon identity implies 

(afr/(^,al)(a?r/((^ < 7f)- 1 ,^)(^af)-' n /(al,(^)- 1 ) = l. 

Now since (o^crf) -1 = cricrlo-f 1 = a 2 x o-\a 2 mod Z{B^), since f(a,b) = f(a',b') for any group 
G and any a, a 6, b' G G with a = a', b = b' mod Z(G), and by the duality identity, this 
is rewritten (^r/(a?,^)a? ,n+1 /(^,^)-Vr 1 (ff?^)- m ^ 1 /(^,^)- 1 ^2 = 1, which yields 
(12) with (±, A') = (+, 1). (12) with ± = + then follows from u\u\u\ = {u\o\u\) x , which is 
proved as follows: G\d\d\ — Zg^ 2 = Z^a^ 2 ^ = (Za 2 2 ) x = ((7icr|eri) A , where Z — {p\a 2 ) 2 is a 
generator of Z(PB 3 ) ~ Z, while Z is its image by the endomorphism ^ H> a, of B 3 ; Z = Z x 
follows from the hexagon identity. Now each side of (12) with ± = — identifies with the same 
side of (12) with ± = + and A' replaced by —A'. This implies (12) with ± = — . □ 

End of proof of Proposition 19. It suffices to prove that (A", f",g'±) G GT eH . It satisfies (10) 
because of the first part of Lemma 20 (existence of an endomorphism of B\ ,3), and (9) because 
of (12) and of the existence of the same endomorphism. □ 

Then GT. „ acts on {(C , C, F, A±_)\C isaBMC, (C,F,A ± _) is an elliptic structure over it} 
as (X,f,g±)(C ,C,F,A%_) := (C' , C, F, A'^_), where C = (X, f)C , A'± y = g ± {A+ XY , A XY ). 
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As before, we define semigroups GT eH , GT f , GT(k) by replacing in the definition of GT eH , 
(GT,F 2 ) by 7 (GT,F 2 ), (GT,, (F 2 )i), (GT(k),F 2 (k)). They act on the sets of pairs (C ,C), 
such that Co satisfies the same conditions as above, together with: Autc(A) is finite for any 
X 6 ObCo (resp., the image of Pi, n — s> Autc(Ai <8> ■ • ■ <g) X n ) is an /-group, is contained in a 
unipotent group). We have morphisms GT e « =— > GT e , ; GTf " GT eH (Q;) and GT e „ -> 
GT eH (k) compatible with the similar 'non-elliptic' morphisms. 

4.3. Computation of GT eH . We first introduce a group GL 2 Z. 

Proposition 21. 1) Let SL^Z := (9, *)/((0 2 , *) = 1, (6*) 3 = 6 4 ), then we have a central 
extension 1 — > Z — > SL 2 Z — > SL 2 (Z) — > 1, where SL 2 Z — > SL 2 (Z) is given by h-> ( _?! J), 
*•->•( J 1 ) . T/ie center o/ SL^Z is (6 2 ) ~ Z, and Ker(SL^Z -> SL 2 (Z)) = (6 4 ) ~ Z. 

2; Let GL^Z := (6, £>/((*, 6 2 ) = (e*6) 2 = (e6) 2 = e 2 = 1, (G*) 3 = 6 4 ), then we have 
a (non-central) extension 1 — > Z — > GL 2 Z — > GL 2 (Z) — > 1, where GL 2 Z — > GL 2 (Z) extends 

SL 2 Z — > SL 2 (Z) 6y e i-> (J J), and a morphism GL 2 Z ^» Z/2, gwen &?/ i-> 1,1,-1, 

fitting in 

1 -> Z -> SL^Z -> SL 2 (Z) -> 1 

■i' 4' 4- 

1 -> Z -> GL^Z -> GL 2 (Z) -> 1 

-> -> Z/2 -> Z/2 

The proof is straightforward. Note that we have an isomorphism _B 3 ~ SL 2 Z, given by 
ai 1 y \I/ , (j 2 1 y 9*e _1 . 

Proposition 22. 1) There is a unique semigroup morphism GL 2 Z — > GT eH , such that: 

*h> (a, /,</+,</_) = (i I i, 9+ (x ) y) = x,9_(x ! y) = yx), 

9 1 ^ (X,f,g+,g_) = (l,l,g+(X,Y) = Y-\g_{X,Y) = YXY^ 1 ), 
s^(X,f,g + ,g_) = (-l, l,g+(X, Y) = Y, g_ (X, Y) = X), 
It fits in a commutative diagram 

GUZ GT e „ 
I I 
Z/2 GT 

,§) TTie horizontal maps in this diagram are isomorphisms. 

Proof. 1) is straightforward, using the above presentation of GL 2 Z. Let us prove 2). The 
bijectivity of Z/2 -> GT is proved in [Dr], Proposition 4.1. Set i? eH := Ker(GT eH -> GT), then 
the commutativity of the above diagram implies that its upper map restricts to a morphism 
SL 2 Z — > R e u, and we need to prove that it is bijcctivc. According to the second identity in 
(11), Rell C {(g+,9-) G (F2) 2 \(g-(X,Y),g+(X,Y)) = (Y, X)}. We now recall some results due 
to Nielsen. 



7 For G a group (other than GT, GT e ;; or R e ii), G is its profinite completion. If G is a free or pure (elliptic) 
braid group, G;, G(k) are its pro-/, k-prounipotcnt completions. Here G(— ) is the prounipotcnt Q-group scheme 
associated to G; it is characterized by Hom 9ro „ ps (G, U(Q)) ~ Hom Jp schemes (G(— ), C) for any unipotent group 
scheme (7. If G = B„ or Bi,„, then G; := P ; * P G, G(k) := P(k) * P G, where P = Ker(G -> S„). 
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Theorem 23. ([N]) 1) The morphism Out(F 2 ) —> GL 2 (Z) induced by abelianization is an 
isomorphism. 

2) Im(Aut(F 2 ) {F 2 f) = {(<?+,<?_) e {F 2 f\3k e F 2 ,3e e {±1}, (g_(X,Y),g + (X,Y)) = 
kiY^Xyk- 1 }, where the map Aut(F 2 ) (F 2 ) 2 is 6> (0(A), 0(y)). 

The bijectivity of SL 2 Z ->• R eXU together with the equality Rett = {(g+,9-) € (i 7 ^) 2 1 (.9— {X, Y), 
g+(X, Yj) = (Y, X)} are then proven in the following corollary to Theorem 23: 

Corollary 24. We have bisections 

^WL^ Aut (JC , y) (F 2 ) -+ {(g+,g-) G (F 2 ) 2 |(.g_(A,y),. 9+ (A,y)) - 

w/iere Aut( X y) (F 2 ) = {6» g Aut(F 2 )|0((A, F)) = (A, Y)}, the first map is as in Proposition 22 
and the second map is 9 i-> (0(A), 0(y)). 

Proof of Corollary 24- The bijectivity of the second map follows from the injectivity of 
Aut(F 2 ) -» (^2) 2 , !-> (0(A"),0(y)) and from Theorem 23, 2. Let us now prove the bijectivity 

of the map SL 2 Z — > Aut(x,y) (^2)- The kernel of SL 2 Z — > Aut(x,y)(-F2) is contained in 

Ker(SI^Z ->■ Aut (x , y) (F 2 ) -> Out(F 2 ) GL 2 (Z)) = (O 4 ). On the other hand, SL^Z ->■ 

Aut( Xy) (F 2 ) takes 9 4 to x >->• (A, y) _1 a;(A, F), so the restriction of SL 2 Z -> Aut (x ,y) (-F 2 ) to 

(9 4 ) is injective. It follows that SL 2 Z — > Aut(x,F)(^2) is injective. 

Let us now show that SL 2 Z — > Aut(x.y) (-F 2 ) is surjective. We have a commutative diagram 

Aut(F 2 ) ->• Out(F 2 ) 4 GL 2 (Z) 

cr tc 

Aut (x , y) (F 2 ) SL 2 (Z) 

where the isomorphism follows from Theorem 23, 1. It follows that Ker(Aut(x,r)(-p2) - > 
SL 2 (Z)) = Ker(Aut ( ^ y) (F 2 ) ->• Out(F 2 )) = Aut ( ^ y) (F 2 ) n Inn(F 2 ) = {0 e Aut(F 2 )|3fc e 
F 2 , 6>(.t) = kxk- 1 and 0((A, F)) = (A, Y)j = {9 E Aut(F 2 )|3n E Z, 0(x) = (A, Y) n x{X, Y)~ n } = 
(x h-> (X,Y)x(X,Y)- 1 ). As x 1— > (A,y)a;(A,y)- 1 is the image of 6 4 € SL^Z -> Aut (x ,y) (F 2 ), 
Ker(Aut(x,y)(-p2) - > SL 2 (Z)) contains Im(SL 2 Z — > Aut(x.y)(^2))- Since the composed map 
SL 2 Z — > Aut(x .y)(-F 2 ) — > SL 2 (Z) is surjective (the second map being given by abelianization), 
this implies that SL 2 Z — >• Autpf.y) (F 2 ) is surjective. □ □ 

Remark 25. As GL 2 (Z) is the nonoriented mapping class group of the topological torus, 

we have a morphism GL 2 (Z) — > Out (B\ n ). It lifts to GL 2 Z — > Aut (£?!_„), where O 4 i->- 
(conjugation by the image of z E P n —¥ -Bi,«), and z is a generator of Z(P n ) ~ Z. The 

assignment {elliptic categories} — > {representations of Bi iTl } is then GL 2 Z-equi variant. 

4.4. The semigroup scheme GT eH (-). For k a Q-ring, we set i? e «(k) := Ker(GT eH (k) -> 
GT (k)). The assignments k i->- GTV e m(k), i? e ;;(k) are functors {Q-rings} — > {semigroups}, i.e., 
semigroup schemes over Q. 

Proposition 26. We have a commutative diagram of morphisms of semigroup schemes 

ReiiH -+ GT ell (-) -+ GT(-) 
4-4-4- 
SL 2 -> M 2 ^ A 
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where GT(k) k is (A,/) ^ A and GT eH (k) -> M 2 (k) is (\,f,g±) ^ w/lere 
log ff± (X,y)= a± logX + /3 ± lo g r mod 8 [fk fk]. 

Proof. It suffices to show that the right square is commutative, which follows by abelianiza- 
tion from the second part of (11). □ 

Recall that 9 GT(k) = GT(k) x . We set 

Definition 27. GT e „(k) := GT„ „(k) x . 

Proposition 28. 1) GT eH (k) = GT eH (k) x M2 ( k ) GL 2 (k). 
2) R e u(k) is a group. 

Proof. Let us prove 1). If (X,f,g±) E GT eH (k) is invertible as an element of GT(k) x 
End(.F 2 (k)) op , then one proves as in Proposition 19 that its inverse belongs to GT eH (k). The 
invertibility condition is then equivalent to the image of (X,f,g±) £ GT eH (k) — > M2(k) lying 
in GL 2 (k). 2) is then immediate. □ 

Recall that for any Q-ring k, GTi(k) = Ker(GT(k) ->• k). We also set 

GT^(k) := Ker(GT eH (k) -»■ M 2 (k)), Rf 2 l (k) := Ker(i? e;i (k) -> SL 2 (k)). 

Then k i->- GTj^(k), R e ^(k) are Q-group schemes. It is known that GTi(— ) is unipotcnt. 

Proposition 29. The group schemes GTj"(— ) and RfJ(-) are prounipotent. 

Proof. GT j" (k) C GTi(k) x Aut/ 2 (F 2 (k))°P, where Aut/ 2 (F 2 (k)) = Ker(Aut(F 2 (k)) -> 
GL 2 (k)); k n> Aut/ 2 (F 2 (k)) is prounipotent, so k M> GTi(k) is prounipotent as the subgroup 
of a prounipotent group scheme. The same argument implies that Rj (— ) is prounipotent. □ 

Proposition 30. We have exact sequences 1 — > Rf l (k) — > R e u(k) — > SL 2 (k) — > 1 and 1 — > 
GT% (k) -»• GT eH (k) -> GL 2 (k) 1 . 

Proof. We need to prove that R e u(k) — > SL 2 (k) is surjective. Set G(k) := Im(i? e «(k) — > 
SL 2 (k)), then k i-> G(k) is a group subscheme of SL 2 . We have morphisms G a — > R e u(—), 
extending Z -> SL 2 Z, 1^*± (where * + = e*6 _1 ) in the sense that 

SUZ R eH (k) 

t t 
Z (k,+) 

commutes; then G a — > R e ii{—) — > SL 2 are the morphisms (oi)'(-ti)- So the Lie algebra 
of G(— ) contains both (q o) an< ^ ( l o)> nence equals s[ 2 , so G = SL 2 . 

Let us now prove that GT e ;/(k) — > GL 2 (k) is surjective. Set G(k) := Im(GT e «(k) — > 
GL 2 (k)), then SL 2 C G(— ) C GL 2 . We will construct in Section 4.6 a semigroup scheme 
morphism GT(-) 4 GT eH (— ), such that 

GT(-) -> A 
GT eH (-) -+ M 2 

commutes, where A — > M 2 is t n> (o ?)■ Then G(— ) contains the image of G m — > GT(— ) — > 
GT eH (-) -> GL 2 , where G m -> GT(-) is a section of GT(-) -> G m (see [Dr]), which is the 
image of G m — > GL 2 , 1 1-> (o ?)• Then Lie(G) = gl 2 , so G = GL 2 , as wanted. □ 



8 Recall that i*2(k) = exp^), where f£ is the topologically free k-Lie algebra in two generators logX and 
logy. 

9 If S is a semigroup with unit, S x is the group of its invertible elements. 
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4.5. The Zariski closure (P 3 ) C R e u{—). Recall that we have a group morphism P 3 = 
R e ii — > R e ii(Q)- The Zariski closure (S3) C R e ii(—) is then the subgroup scheme defined as 

GCHeii(-) subgroup scheme | 
G(Q)Dlm(B 3 ->fle!i(Q)) 

Let us compute the Lie algebra 10 inclusion Lie(P 3 ) C Lie R e ii(—)- First, Liei? e ;;(— ) isaLie sub- 
algebra of 11 Lie Aut(p2(— ))° v = {(ci! + ,a_) G x f2}, with Lie bracket [(a + ,a_), (a+, a'_)] := 
(A»^,al(a+),-Dc4 ,«'_(«-)) - (a± c>4), wnerc P Q+ , Q _ e Der(f 2 ) is given by £± i-> a±. We 
find that Lie i? e n ( — ) is the set of (a+,a_) such that 

Ad ( A+ ) - 1 (5+ (log A+ , log Af )) + Ad( A 3 + ) (5+ (log X+a? , log <j 2 A 2 " ) ) 
+a + (logA 3 f o-^Vf 2 CT2 1 , log cr 2 Ci 0-2 A 3 _ ) = 0, 

Ad( Af ) - 1 (5_ (log A+ log Af ) ) + Ad( X^ ) (5_ (log c^ 2 A+ , log A^a 2 )) 
+Q!_(logcr 2 " 1 CTf 2 CT 2 " 1 A 3 h ,A 3 _ logcr2Cr 2 cr2) = 0, 

(Ad((X 2 -)-V 2 )-l)(a + (logA+,logAr))+Ad(ar 1 (Af)- 1 )(Ad(A>r 2 )-l)(a_(logA+,logA 1 -)) =0 
where a±(£ + ,£_) = e ad^ 1 ( a ±(£,+ , £-)) (relations in LiePi i3 (— )). These relations imply 
a + (logA+, logAD + Ad(A+)(a + (logA+ar 2 ,logc T 2 X 2 -)) = 0, 
a_(logA+,logAr) + Ad(Af)(a_(log ( 7r 2 A+,logA 2 - ( T 2 )) = 0, 
(Ad(Af,X+)-AdXf)( £ i + (logA+,logA 1 -))+(Ad(XrX+(X 1 -)- 1 -l))(a_(logA+,logA 1 -)) =0 

(relations in Lie Pi. 2 (— ) — f2)- 

We now compute Lie(P3) C LieP e ;;(— ). 

Lemma 31. Let u+ := (0, ^f-t^ (£+)), «- := ( j^^ (g-),0), then u± e Lic(P 3 ). 

Proof. We have morphisms G a -> (P 3 ) C Aut(P 2 (-)) op , extending Z ->■ P 3 , f tf^ 1 . 
The corresponding morphisms (k, +) -> Aut(P 2 (k)) op are f i-> (A n> X, Y i-> FA*) and 
t 1 ^ (A^ 1 y XY l ,Y \-> y). The associated Lie algebra morphisms are Q ->■ Lie Aut(P 2 (-)) op , 
1 u±j which proves that tt± G Lie(P 3 ). □ 

Proposition 32. Lie(P 3 ) C Lie Aut(P 2 (— )) op ~ f| zs i/ie smallest closed Lie subalgebra con- 
taining u + and u_ . 

We first prove: 

Lemma 33. Let G be a proalgebraic group scheme over Q fitting in 1 — > U — > G — > Go ^ 1, 
where Go is semisimple and U is prounipotent. Let O^u— > Q — > 0o be the corresponding 
exact sequence of Lie algebras. Then H i-> LieP sets up a bisection {proalgebraic subgroups 
H C G, such that lm(H C G — > Go) — Go} — > {closed Lie subalgebras fj C Q, such that 
Im(f) C g -> flo) = flo}- 



'Recall that the Lie algebra of a Q-group scheme G is Ker(G(Q[e]/(e 2 )) -> G(Q)). 
We set f 2 := ff, and £+ := logX, £_ := logY. 
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Proof. If H is in the first set, then we have an exact sequence 1—tHnU—tH — > Go — > 1, 
where H n U is necessarily prounipotent, hence connected, which implies that H is connected. 
So the map H h-> Lie iJ is injective. 

Let us prove its surjectivity. Let f) belong to the second set. 

First note that according to the Levi-Mostow decomposition ([Mo], [BS] prop. 5.1), there 
exists a section a : Go — > G of G — > Go- We denote by a : go ~ > 3 its infinitesimal. Any section 
of g — > flo is then conjugate to a by an element of U(Q). 

Then we have an exact sequence 0— > tyCiu— > t] ^ go ^ 0, applying the Levi decomposition 
theorem for Lie algebras, we obtain a section t : go 1) of f) — > go- Now the composite map 
go A f) <^-> g is a section of g — > go, hence of the form Ad(x) o a, where x e £/(Q). If := f) flu, 
we then have [Ad(x)(cr(go)), t>] C 0. 

Let then V C f be the subgroup with Lie algebra 0; if we set i? := V ■ Ad(x)(cr(Go)) = 
Ad(x)(cr(Go)) • V, then iJ is in the first set, and has Lie algebra f). □ 

Proof of Proposition 32. Let Lie(u+, u_) be the smallest closed subalgebraof Lie Aut(i<2(— )) op 
containing u + and u_. Then Lie(i? 3 ) D Lie(u + ,M_). Apply now Lemma 33 with G — R e u(—), 
Go = SL 2 . The map g — >• g is such that u + i-> (? g) an< ^ (00)1 so if f) := Lie(u + ,M_), 

then Im(f) C g — >• go) = go- Let then H C R e ii(—) be the proalgebraic subgroup corresponding 
to f) by Lemma 33; then (B 3 ) D H. On the other hand, we have group morphisms G a — > i? 
corresponding to Q ->• f), 1 u±, whose versions over Q are (Q, +) -> ff(Q) C Aut(F 2 (Q)) op , 

t i-> ** ± . Setting t = 1, we obtain ff(Q) 9 *±, and as * + , generate B 3 , ff(Q) 3 SL^Z. So 
(J5 3 ) = H . Taking Lie algebras, we obtain Proposition 32. □ 

Remark 34. Let d± := [[u + , u±] ± 2u±. Then for any (a±,/3) e N 3 , 

a£ ±i/3 := ad(u+ + u"-[«+,M_] /3 )(d±) G Kcr(Lie(SL^Z) ->«fe). 

Then Ker(Lie(£? 3 ) — > sl 2 ) is topologically generated by these elements, more precisely, it is 
equal to {J2 n >i p n{{x^ ± ^))\{P n )n G Il„>i fn}i where f is the free Lie algebra with generators 
indexed by N 3 x {±}, and f„ is its part of degree n (each generator having degree 1). Then 
Lie(_B 3 ) = Ker(Lie(B 3 ) -> st 2 ) © Span Q (u + , u_, 

4.6. A morphism GT — > GT eH and its variants. We now construct a section of the semi- 
group morphism GT eH — > GT and of its variants. 

Proposition 35. There exists a unique semigroup morphism GT — > GT ef; , defined by (A, /) i-> 
(A,/,5±), w/iere 

. 9+ (A,y) - /(A, (y, A))A A /(A, (r, a))- 1 , 

ff _(A,y) = (y,A)^ i /(yA- 1 r- 1 ,(y,A))y/(A, (y,*))- 1 . 

T/ie same formulas define semigroup morphisms GT — > GT eH , GT ; — > GT ; , and a semigroup 
scheme morphism GT(— ) — > GT ej; (— ), compatible with the natural maps between the various 
versions of GT( ell y 

We have commutative diagrams 

GT h. GT eH GT(-) -> GT eH R 
—4- I- and I I 

Z/2 GLTz A -> M 2 

w/iere i/ie bottom morphisms are 1 i-> £0 and ( 1 ) • 

Proof. 1) We show that 5+ satisfies (9) with ± = +, i.e., 

(13) (a 2 a 1 ( CTl a 2 2 a 1 ) m /(A+,(A 1 -,A+))(A+) A r 1 (A 1 + ,(A 1 -,A+))/(a2,a 2 2 )) 3 = 1 
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in -Bi,3- 

Denote by <jQ,...,a n the generators of i?„+i, identify S n +i ~ Perm({0, . . . , n}) and let 
S n C S n+ i be {<j\<t(0) = 0}. We have a unique morphism 

(B n +l/Z(B n+ i)) X S „ + 1 £„ — >■ 

defined by (7q — > X^~, <7j M> o-j (j > 0). Indeed, using a presentation of B n+ \ Xj n+1 S n (a braid 
group of type B), one proves that the same formulas define a morphism B n+ \ x s„ +1 S n — > -Bi, ra ; 
a generator of Z(B n+ \) ~ Z then maps to A+ • • • A+ = 1. This morphism may be viewed 
as induced by the map C/[„](R x S 1 ) — > C/[„](5 1 x S 1 ) by taking fundamental groups, where 
C/[„](A) = (X n — {diagonals} )/(5„xX) (where A is assumed to be a group, acting diagonally). 
The l.h.s. of (13) is then the image by B n+ i x Sri+1 S n — > Bi n of 

(14) (a 1 a 2 (a 1 a 2 V0 m /(a ^a 1 a 2 V0a 2 ^/- 1 K 2 , ( 7 1 a 2 2 ( 7 1 )/( ( T^ ( 7 2 2 )) 3 . 

Now (A,/) 6 GT induces an endomorphism of PaB, and therefore an endomorphism F^j, 
of B n = PaB(G>,0) for any O € PaB, \0\ = n. It is such that = Z x for any 

Z G Z(B„). Then one proves that (14) = (F'^'^'Vi^)) 3 = F' x ^" ] ' ] ((cti<7 2 ct 2 ) 3 ). Now 
(CTicr 2 crg) 3 is a generator of Z(S 4 ) so (14) = ((erier 2 cr 2 ) 3 ) A e Z(S 4 ). As Z{B 4 ) is in the kernel 
of B 4 x Si S 3 -> S 13 , the l.h.s. of (13) equals 1. 

2) We show that g_ satisfies (9) with ± = — , i.e., 

(^ 2 -VrW2Vr m M^*r)/(^i>2 2 )) 3 = i 

in i?i,3. As (X-j^X-/ - ) = o\o\o\, this is rewritten 

(15) (YiAr^r 1 ) 3 = 1, 

where A = / _1 (A+ , <Ji<j 2 ai)f(a 2 , 0- 2 )/((A^) _1 , ct 2 ct 2 (7 2 ). The pentagon identity implies that 

(16) A = /(A+ a 2 )" 1 ^, a 2 ). 
On the other hand, (15) is rewritten 

(17) X^AX^{a 2 a 1 Aa^ 1 a2 1 )X^{a 1 a 2 A(T2 1 (Ji 1 ) = 1. 

Using (16) and ATX^Xr)- 1 = A+af 2 , (Xf,a 2 ) = 1, (Xg-J-^+Yg" = a 2 <7 2 a 2 X+ ((Xg-)" 1 ,^ 
1, we get 

X-AX- = f(X+a- 2 ,a 2 2 )(X-)- 1 f(a 2 aja- 1 X+,al), 

so (17) is rewritten 

(X 2 -)-\f(a 2 afa 2 1 X+,al)(a 2 a 1 Aa^ 1 a 2 1 )X 2 -(a 1 a 2 Aa 2 1 a^ 1 )f(X+a^ 2 ,a 2 2 )- 1 =l 

or using u\a 2 f{X^, a\)a 2 x a^ x = f(X 2 a^ 2 ,a 2 ) and X 2 = o^ 1 X^ o^ 1 , as follows 

f(a 2 2 X+a^ 2 ,al)(a 1 a 2 a 1 Aa- 1 a- 1 a^ 1 )X-r\a 2 X+a 2 1 ,a 2 2 )(X-)- 1 = 1, 

which using Af(<T 2 A 2 f (T 2 - 1 )(Af)- 1 = X^{X^ct 2 2 ){X^)- 1 = ^ VfVj" 1 and (Af,a 2 ) = 
1 is rewritten 

/(^X+a- 2 ,^ 2 )^!^^^^- 1 ^- 1 )./- 1 ^^ 1 ^ 2 ^ 1 ,^) = 1- 

The latter identity holds as o\o 2 o\X^ {o\o 2 o\)~ 1 = Xg~(<7 2 a- 2 <7 2 ) _1 , {(T\(J 2 ai)a\{ai(j 2 (Tx)^ 1 = 
a 2 , a 1 a 2 a 1 X 2 v {a 1 a 2 a 1 y 1 = ajX^a^ 2 , (cricr^^aKaia^i)^ 1 = a\. 

3) We show that (g + , g) satisfies (10), i.e., u 2 — (ug+ u -1 , gZ 1 ), where u = f(a 2 ,a 2 )aif(a 2 , a 2 ) 
g± = <7±(A+, Af ). This is rewritten as g^ug+ugl 1 — ug + u~ x , or 

(18) Xf • /(X+ (X^X+))- 1 ug + uf(X+, (Xf, X+)) ■ (Xf)- 1 
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Now/(X+ (X-,X+))-iug + uf(X+, (X-,X+)) = F^-'WoV) = f(X+,a 2 )(X+)\f(X+,a 2 )^ 
and as (Xf,a 2 ) = 1, (Xf, = cr 2 , the l.h.s. of (18) is 

Ad /(X2+ffi - Vi) (X+ar 2 ) A = Ad /(X2+CTrVi)CTi (X+)\ 
To show (18), it is then enough to prove that 

a : = CT ^^r 1 (A 2 + a^^a 2 2 )/((x^,x 1 +),(x 1 +)- l (x^,x 1 +)- l )(x^,x 1 +) i ^ 

/(a?,<7 2 2 K/- 1 (<7 1 2 ,a 2 2 )/(X+,(Xr,X+)) 

commutes with X+. 
We will prove that 

(19) ^ = a 2 /- 1 (X+,a 2 2 ) ( 7 2 - A , 

which by (X^,a 2 ) = (X^~,X 2 ) = 1 implies our claim. We have 

a^f(X+,<j 2 2 )<j^A 

= *lf(X+,*l)f- 1 (X+,<Tl)a 2 - 1 a^f((X^X+),(X+)-\X^X+)- 1 ) 
(X^X+)^f(*la 2 2 )<j$f- 1 (al<jl)f(X+,(X^X+)), 
which is the image under B4 Xs 4 S3 — » £11,3 of 

v A -f 2 2\f-l/ 2 2\ -1 -If/ 2 -2 -1 -2 -1\ 

: = O- 2 ./(O'lO'0 Cr l: Cr 2)/ (O'O^J^ °1 /( (J l Cr 2 (7 l: (7 °1 °2 CT 1 J 

(cria^i) 1 ^/^ 2 , cr 2 )cri / _1 (ff 2 , eri)/ (o"o, W^i)- 

We have 

(trioftri)^/^,^)^/- 1 ^^) - a 1 a 2 /- 1 ( ( 7 2 , ( T 2 ) ( T 2 - A 

because the hexagon identity, together with a^ 1 a 2 a i = u 2 a\a 2 = (& 2 & 2 )~ 1 mod Z(P 3 ), 

implies (a 2 )™/(a 2 a 2 a 2 -\a 2 )(a 2 a 2 )^/(a 2 ,arV 2 ( x 1 )(a 2 )"7( ( T 2 2 ^ 2 ) = 1. 
Then 

X = (T 2 f(<Tl<T <Tl,(T 2 )f~ (Oo> CT l) CT 2 /(^l ^1,(7(7 <jf trj fff 

>l^rVl^2>2~ A /K 

, (7iCT 2 (Ti). 

Define Y as the r.h.s. of this equality with the factors a 2 x removed. As a 2 commutes zith a 2 
and ai<j 2 (Ti, the equality Y = 1 implies X = 1. Y is rewritten as 

^ = /(^lCTo CT l> CT 2)/~Vo; CT l)/( CT 2CT 2 ^ 

Now 

f{p 2 (j\(j 2 ,u 2 a^ X GQ 2 Gy X a 2 x ) = !{o 2 a\a 2 , (o'oO'iO'o) ' 2 ) 

as a 2 1 a^ 1 aQ 2 a^ 1 a 2 1 = ((j a a 2 ao)cr 2 mod Z{Pi) 

= .f(v2&l<7 2 , OQ<j\o a ) 

as cr 2 commutes with a 2 u\a 2 and a a a 2 ao- 

So 

= 1 by the pentagon identity. 

It follows that Y = 1, so (19) holds, which implies (18). 

4) The fact that GT — > GT eH . (A, /) n> (A, /, <7±) is a morphism of semigroups follows from 
the identity (g-(X, Y),g+(X, Y)) = (Y, AT) A . It is straightforward to check the commutativity 
of the first diagram; in the second diagram follows from ((A, /) G GT (k)) => (log / G [f 2 , f 2 ]). 

5) The arguments used in the case of GT( e ;/) extend mutatis to their profinite, pro-^ and 
prounipotent versions. □ 
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Remark 36. We have compatible group morphisms GT — > Aut(R e u), GT, — > Aut(i2f H ), 
GT(k) -> Aut(i? e «(k)) (where i2f" = KcrfGTf" -> GT,)), defined by (A, /) 6 X j := conjuga- 
tion by the image of (A, /) M> (A, /, g±) from Proposition 35. They are such that 6\j{^ + ) = "f^ 

and A>/ ((* + *_) 3 ) = ((tf+tf_) 3 )\ where (* + *_) 3 is a generator of Z(SL^Z) = Z(B 3 ) = Z. 

□ 

The semigroup scheme morphism from Proposition 35 restricts to a group scheme morphis, 
which yields an action of GT(— ) on R e u(—). The group scheme GT e u(— ) has then a semidirect 
product structure, fitting in the diagram 

GRTeji(-) - Reii(-) xGRT(-) 

GL 2 ~ SL 2 (-) * G m 
where the bottom map is induced by G m — > GL2 , A 1— > ( 1 ) • 

5. Elliptic associators 

5.1. Lie algebras t„ and ti. n . Let k be a Q-ring. If S is a finite set, we define tg as the k-Lic 
algebra with generators Uj , i ^ j G S and relations tji — Uj , [Uj , Uk+tjk] = for i, j, k distinct, 
[tij,tki] = for i,j,k,l distinct. We define Vg as its degree completion, where deg(t,j) = 1. 

For S' D Dcf, %■ S a partially defined map, there is a unique Lie algebra morphism tg — > t|, , 
x 1 ^ a; 1 *, defined by (iy)* := Si'e0-i(i) j'e^ij) " Then 5 h-> i s is a contravariant functor 
(finite sets, partially defined maps) — > {Lie algebras}. 

We also define s as the k-Lie algebra with generators xf,i<ES and relations J2ies x t = ^> 
[xf ,2;^] = for i ^ j, [i+ij] = [xf,x^] for i ^ j, [xf, [xf,xj]] = for i,j,k distinct. We 
then have a Lie algebra morphism — > s , tij 1— > [xf , xj], which we denote by x 1— > {x}. We 
will also write tij = [xf ,xj]. We define 5 as the degree completion of s , where deg (xf ) = 1 . 

For S' — > S a map, there is a unique Lie algebra morphism s ^ s , , x 1-^ x^ , such that 
(xf)^ :— X)i'e0-!(i) x f> '■ Then S i->- i 1>s is a contravariant functor (finite sets, maps) — > {Lie 
algebras}. By restriction, S 1— » is may be viewed as a contravariant functor of the same type, 
and the morphism ts — > ii.s is then functorial; i.e., we have {x}^ — {x^} for x G is and any 

map 5" S. 

We set fk := ^ l ln := ^ and we write as x Il,, " ,In , where Jj = ^ _1 (i) for 



x G t£ or x e ii 



5.2. Elliptic associators. Recall that the set M(k) of associators defined over k is the set of 

(//,$) e k x cxp(f|), such that cf) 3 ' 2 * 1 = 

(20) e ^t 2 3/2 $ l,2,3 e M*l2/2 < j ) 3,l,2 e pt3l/2 $ 2,3,l _ e M(ti2+ti3+t 2 3)/2 j 

(21) $ 2,3,4 $ 1,23,4 $ 1,2,3 = $1,2,34^12,3,4^ 

where we use the inclusion fSf C t?j, A,B4 ii2, £23- 

Definition 37. The set Ell(k) of elliptic associators defined over k is the set of quadruples 
(fx, <&, A±), where (fj,, $) G M(k) and A± G exp(ti 2 ), smc/i £fta£: 

(22) a 3 /' 2 ^ 3 ' 1 ^ 2 ' 3 = 1, toAere a± - { e ± "( t -+*-)/2}^ 23 {$ 1 ' 2 ' 3 }, 

(23) {e^ t12 } = ({$}- 1 A^ 23 {$}, {e-^/a^LS)- 1 }^ 13 )- 1 ^- 1 ^-^}). 
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Remark 38. We then have {e ± ' itl ^ 2 }A^ 1 {e ± ' ltl2 / 2 }A 1 J i = 1 and {e^* 12 } = (A_,A+). 

Then k M> M(k), Ell (k) are functors {Q-rings} — > {sets}, i.e., Q-schemes. We have an 
obvious scheme morphism Ell — > M, (fi, $, A±) M> (/x, $). 

Define also a scheme morphism — > M 2 by (/i, $, A±) ^ (ut vt) , where log A± = u±x^ + 
v±x^[ mod [ti,2,t-i,2]- Then the diagram 

Ell -»■ M 
I I 
M 2 ^ A 

commutes in view of (23). 

5.3. Categorical interpretations. 

Definition 39. (see [Dr]J A infinitesimally braided monoidal category (IBMC) overk is a set 
(Co, (B>, c_,_, a_,_,_, [/_, £-,-), sttc/i t/iat: 

(Co, <8>, c_._, a_,_._) is a symmetric monoidal category (i.e., cy.xCx.Y = idx®Y ); 

2) ObCo [7x<lAute (^Q is smc/i i/iai £/x is a k-prounipotent group, andiUxi^ 1 = Uy 
for any i G Isoc (X,Y); 

3) (Ob Co) 2 3 (X,Y) n> tx.y G LieC/xi^y is a natural assignment; 

4) ty,X = Cx,Ytx,YC x X Y and 

tx®Y,z = a x .Y.ziS^x ® t Y,z)a x \,z + ( c y,x ® idz)ay,A-,z(idy ®*x,.z)(( c y,x ® idz)a Y ,x,z)~ 1 ■ 
A functor / : Co — >• C between IBMCs is then a tensor functor, such that f{Ux) C 
and f{tx,y) = /(F)- ^ n exam ple of IMBC is constructed as follows: Co = PaCD is the 

category with the same objects as PaB, PaCD(0, O') := j ^ xp ^l°|) * S |0| ^J^rJ '' , 
co.O' = s n,n' G S'n+n' C Autp a cD (O O') is the permutation mi|n' for i G [1, n], i i — n 

for i G [n+ l,n + n'], a ,o>,0" ■= 1, f^O = exp(t£) < Aut Co (0), io.O' := E"=i E"in+i *»»' • 
The pair (PaCD, •) is initial among pairs (an IBMC, a distinguished object). 
We then set: 

Definition 40. An elliptic structure over the IBMC Co is a set (C, F, U-, _), where C is a 
category, F : C — > C is a functor inducing the identity on objects, ObC 3 X M> U x < Autc(X) 
is the assignment of a k-prounipotent group, where iUxi 1 = Uy for i G lsoc(X,Y) and 
F(Ux) C U x , and (ObC ) 2 3 (X,Y) 

^ x x,Y e Lie Ux®Y is a natural assignment, such that 

Xy x ~ c X,Y x x,Y c X.Yi x X.l = 0' 

F(t x ,Y <B) idz) = [a^z^A-.y^z^^.Z' ( c *,^ ® id z)~ W,x,z£r,x®z a r,x,z( c *,y ® id ^)l- 

Functors between pairs (an IBMC, an elliptic structure over it) are defined in the obvious 
way. An elliptic structure over PaCD is defined as follows: C := PaCD e « is the category 

with the same objects as PaB, PaCD eH (0, O') := { <f p(t t|o|) * S \o\ if P\ = \0'\ & = 

I V otherwise, 

exp(t 1; |o|) < Autp a cD eU (O), F is induced by t„ — > ti.„, x M> {x} and the identity of symmetric 
groups, Xq , = Y^S^i x t e LicJ7o®o'- The triple (PaCD, PaCD e ;;, •) is universal for triples 
(an IBMC, an elliptic structure over it, a distinguished object). 

Let us say that a k-BMC is a braided monoidal category (BMC) Co, such that the image of 
each morphism P n — > Aute (X\ <g> ■ ■ ■ ® X n ) is contained in a k-prounipotent group. Then each 
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0, $) G M(k) gives rise to a map {IBMCs} -» {k-BMCs}, C ^ (/x, $) *C , where (/x, $) *C = 
(C , <8>, /3x,y := c x ,ye tltx - Y/2 , a x .Y.z ■= ®(ax,Y,z{tx,Y ® idz)a^ rz , id x ®ty, z )axy,z). 

In the same say, a k-elliptic structure over a k-BMC is an elliptic structure, such that 
the image of each morphism Pi <n — > Aute(A"i <8> • ■ • <8> X n ) is contained in a k-prounipotent 
group. Then each (/x, $, A±) G Ell (k) gives rise to a map {(an IBMC, an elliptic structure over 
it)} ->■ {(a k-BMC, an elliptic structure over it)}, (C ,C) h-» (/x, $, A±) * (C ,C) = (C ,C), where 
C = (m,*) *C and C = (C,F,A X Y := A±(x+ y , x x y )). 

5.4. Action of GT eH (— ) on Ell . Recall first that we have an action of GT(k) on M(k), 
defined by 

(A, /) * (xx, $) := (A M , $(A, B)/(e" A , $(A, B)" V S <I>(A, B))) - (//, $')• 
For (X,f,g±) G GT e „(k) and (/x,$,A±) G EU(k), we set 

(A,/,s±)*(/i,$,A±) :=(//,$', A' ± ) 

where A'± := g±{A + ,AJ). 

Proposition 41. This defines an action of GT eH (k) onEU(k). 

Proof. For g e ;; G GT eH (k), and (Co,C) G {(a k-BMC, an elliptic structure over it)}, we have 
g eU * ((/i,$,A±) * (Cb.C)) - (. 9eH * (/x,$,A±)) * (Co,C). When (C ,C) = (PaCD, PaCD e „), 
(/x, 4>, A±) can be recovered uniquely from (/x, $, A±) * (Co,C), as e M * 12 = 0% „ $ = and 
A± = A^., which implies that the above formula defines an action. □ 

Remark 42. The actions of GT(k) on {k-BMCs} and on M(k) are compatible, in the sense 
that for g G GT (k). g * ((fi, $) * Co) = {g * (/x, $)) *Co- In the same way, the action of GT e/; (k) 
on {(a k-BMC, an elliptic structure over it)} and on Ell(k) are compatible. 

Remark 43. The morphism Ell — > M2 from Section 5.2 is compatible with the semigroup 
scheme morphism GT e?f (— ) — > M 2 from Proposition 26, with the action of GT eH on Ell , and 
with the left multiplication action of M2 on itself. 

5.5. A morphism M — > Ell . The scheme morphism Ell M, (/x, $, A±) — > (/x, $) is clearly 
compatible with the semigroup scheme morphism GT eH (— ) — y GT(— ). We now construct a 
section of this morphism. 

Proposition 44. There is a unique scheme morphism a : M_ — > Ell , (/x, $) — > (/x, <&,A±), 
w/iere 

fwe sef := x+,t/j := x^J. it is compatible with the semigroup scheme morphism GT (— ) — ► 
GT eH (— ) from Proposition 35. 

One checks that a fits in a diagram 

M_ ^ Ell 

I I 
A -> M 2 

where the bottom map is xx i-> ( ° ) , compatible with the last diagram of Proposition 35. 
Proof. By [CEE], Prop. 5.3, (/x,$,A±) satisfies 

^12,3 = {e ±^ 12 /2 ($ -l ) 2 > l,3 }yl |13 {$ 2,l,3 e ±^ 12 /2 $ -l| yl l,23 {$}; 



22 



BENJAMIN ENRIQUEZ 



and therefore (22). 

The last identity of loc. cit. can be rewritten as follows (using the commutation of {£12} with 

A 2,13| $ 2,l,3| j4 12,3|^2,l,3)-l|^,13^1 = |^3,l,2)-l e ^ 12 /2 $ 3,2,l e/i t 2 3$l,2,3 e - / .t 12 /2| j4 12,3^3,l,2| 

Now the hexagon and duality identities imply 

(24) ($3,2,l)-l e Mtl2/2 $ 3,2,l e ^23 $ l,2,3 e -pti2/2 _ e - M i 13 / 2$ 2, 3, 1^*23/2 ($3,2, 1 ) -1^*3,12 /2 ^ 

$3,1,2 _ e , t t3,2i/2$3,2,l e - /i t 2 3/2^$2 1 3,l^-l e - ( uti 3 /2 ) 

and 

$2,1,3 _ e T^l3/2$2,3,l e TM*23/2(-$3,2,l^-l e ± Ai t3,i2/2^ 

so (24) is rewritten (using the commutation of {£13} with A 2 ! 13 ) 

jg-^WS}^ 2 ^ {$2,3,^-^23/2 ($3, 2, l)-l e Mt3,i2/2|^12,3| eAI t 3jl2 /2 $ 3, 2, ^-^23/2 ($2, 3, 1-j-lj 

(25) {A 2 : 13 )- 1 ^-^ 13 / 2 } 

= { e -ptl3/2$2,3,l e Mt2 3 /2(-$3,2,l^-l eM t3,2l/2|^^2,3{ eM t3 i21 /2 $ 3,2,l e - M t 2 3/2^2,3,l^l e -^l3/2^ 

As A^e^^A+e^ 12 / 2 = 1, we have e^ 3 - 12 ' 2 A 12 ' 3 e^ 3 - 12 / 2 = (A^ 12 )" 1 ; using this identity and 
performing the transformation of indices (1,2,3) — > (3,1,2), (25) yields (23). So (/i, $,A±) £ 
EU(k). The compatibility of a : M(k) — > Ell Ck) with the semigroup morphism GT(k) — > 
GT eH (k) follows from (A-,A + ) = e M * 12 . " □ 

5.6. A subscheme Ell C Ell and its torsor structure under GT e ;j(— ). Set M(k) := 
{(m,$)Im e k x } C M(k) and Ell(k) := {(fi, $, A±)\n £ k x } C Ell(k). The actions of GT (eH) 
restrict to actions of GT(k) on M(k) and GT e /;(k) on Ell (is.). Recall that M(k) is a principal 
homogeneous space under the action of GT(k) ([Dr]). Similarly: 

Proposition 45. Ell (is.) is empty or a principal homogeneous space under the action o/GT e /;(k). 

Proof. Assume Ell (is) ^ and let us show that the action is free. If (A, /, g±) £ Stab(/i, <f>, A±), 
then by the freeness of the action of GT(k) on M(k), (A,/) = 1. Then A± = g±(A + ,AJ). 
Relation (23) implies that if a±, b± 6 k are such that log^4± = a±xf + b±x^[ mod degree > 2 
(where xf have degree 1), then a + 6_ — a_6 + = /i, which implies that (log A + , log A- ) generate 
t^, and therefore that g± = l. 

We now prove that the action is transitive. As the action of GT(k) on M(k) is transitive, 
and as GT e «(k) — ► GT(k) is surjective (as the morphism defined in Proposition 35 restricts 
to a section of it), it suffices to prove that for any (fi,$>) £ Ell(k), the action of i? e «(k) on 
{(A+,A-)\(fi,®,A±) £ Ell(k)} is transitive. If (A+,AJ) and (A' + ,A'_) belong to this set, we 
have a unique (g+,g~) £ F 2 (k) 2 ~ -Pi, 2 (k) 2 such that A'± = g±(A+,AJ). Then 

1,2,3 3.1,2 2.3,1 i i / 4 1.23 a 1.23 \ r 1.2,3 ±uti 2 3 /2l 

a± a± a± =1, where a± = g±(A+ ,A_ ){<P ' ' e p 12 - 3/ \. 

The canonical morphism B1.3 — > Aut^^ ,A ± )*PaCD(*(**)) = ex P(ti3) * &3 extends to an 
isomorphism Bi, 3 (k) ~ exp(t^ 3 ) x S* 3 , given by Xf \-+ A 1 / 3 , a x ^ {$e^ 12 / 2 }(12){$}-\ 
(J2 <->• {e^ t23 / 2 }(23). It is such that ofV* 1 ^ {$e ± ^/ 2 )* 312 }(23)(12). The preimage of the 
above identity by this isomorphism then yields (g±(X^ , X^)af 1 af 1 ) 3 = 1. Similarly, the 
preimage of the identity 

{ e ^} = ({$-i} ff _(A^,^ 23 ){$},{e-^^ 

yields a 2 = (a 1 g+ 1 {X+, X^)a u g_(X+, Xf)). □ 
Recall the following definition: 
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Definition 46. A Q-torsor is the data of: Q-group schemes G,H, a Q-scheme X, commuting 
left and right actions of G,H on X, such that: for any k with X(k) ^ 0, the action of G(k) 
and H(k) on X(k) is free and transitive. 

Morphisms of torsors are then defined in the obvious way. 

The above Q-scheme morphisms between Ell and M restrict to a torsor morphism Ell — > M 
and a section of it M A- Ell, fitting in commutative diagrams 

Ell -> M M EU 

I I and 1 _ 

GL2 d 4 G m Gm ^( 4 o) 

6. The group GRT eH (k) 

6.1. Reminders about GRT(k). Let again k be a Q-ring. Recall ([Dr]) that GRTi(k) is 
defined as the set of all g £ exp(f 2 ) C exp(tg), such that: 

^3,2,1 = ^3,1,2^,3,1^1,2,3 = X t 12 +Ad(g^)-\t 23 )+Ad(g^)-\t 13 ) = t 12 +t 13 + t 23 , 

2,3,4 1,23,4 1,2,3 _ 1,2,34 12,3,4 

J *J \J J J 

This is a group with law (51 * g 2 )(A,B) := gi(Ad(g 2 (A, B))(A), B)g 2 (A, B). Note that g £ 
GRTi(k) gives rise to 8 g £ Aut(t£), defined by 

e g :t 12 ^t 12 , t 23 ^ AdCg 1 ' 2 ' 3 )- 1 ^), ii3^ Ad^ 2 - 1 - 3 )- 1 ^). 

Then gi * g 2 = giO g2 (g\), and giteg2 = 6 g2 9 gil so g 1— > 6 g is a group antimorphism. 

The group k x acts on GRTi(k) by (c • g)(A, B) := g(c~ 1 A, c^B), and one sets GRT(k) := 
GRTi(k) xi k x . GRT 1 (— ) is a prounipotent group scheme. 

6.2. The group GRT e(; (k). Define GRTf"(k) as the set of all (g,u±), such that g £ GRTi(k), 
u± £ v£ 2 , and 

(26) AdO/ 1 ' 2 ' 3 )" 1 ^ 23 ) + AdO/ 2 - 1 ' 3 )- 1 ^! 13 ) + u 3 / 2 = 0, 

(27) [Ad^ 2 ' 3 )-^ 23 ),^ 12 ]^, 

(28) [Ad( 3 1 ^ 3 )- 1 (^ 23 ),Ad( 3 2 ^ 3 )- 1 (^ 13 )]=i 12 . 
Set (51, u±) *(g 2 ,u%) := (g,u±), where 

(29) u±(x 1 ,y 1 ) := u±(u+(a;i, 2/1), ^(xi, yi)) 

(where t^ 2 is viewed as the free Lie algebra generated by £1,2/1). 
We first prove: 

Lemma 47. (g,u±) £ GRTf (k) iff there exists an automorphism o/ti 3 (henceforth denoted 
g ,u±), such that 

xf » Ad^ 2 ' 3 )" 1 ^ 23 ), x± ^ Ad^ 1 ' 3 )" V/ 3 ), x*-^ 12 , 

ii2^ti2, t 23 ^ AdCg 1 ^ 2 ' 3 )- 1 ^), tis^Ad^ 2 ' 1 ' 3 )" 1 ^). 

Proof. The condition that the relations x x + x 2 +x 3 = (resp., [x l , x 3 ] — 0, [xf, x^] = t i2 ) 
are preserved is equivalent to condition (26) (resp., (27), (28)), and the relation [ti 2 ,x 3 t ] = 
is automatically preserved. Then the relation g 31 ' 2 g 2 ' 3 < 1 g 1 ' 2 ' 3 = l implies that 9g tU ± (x 2 ' 3,1 ) = 
Ad(j 1,2,3 )" 1 (^ i „ ± (i) 2,3,1 ) for x £ {xf,tij}. So the other relations [Uj,x k ] — are also pre- 
served. □ 
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Proposition 48. GRT^(k), equipped with the above product, is a group. 

Proof. The product is that of the group GRTi(k) x Aut(t5 c 2 ) op , so h remains to prove that 
GRTf (k) is stable under the operations of product and inverse. If now (gi,u l ±) £ GRTJ (k) 
(i = 1,2), then the action of 9 g2 u ±9 gi u ± on the generators of ti 3 is given by the formulas of 
Lemma 47, with g — gi * g 2 and u± as in (29). So (g,u±) £ GRTf H (k), as claimed. Similarly, 
if (ff: M ±) G GRT^'(k), then the action of 0~^ ± on the generators of t^ 3 is as in Lemma 47, 
with (g,u±) replaced by (inverse of g in GRTi(k), inverse of (u + ,U-) in Aut(t5 c 2 )), so (g,u±) 
is invertible. □ 

In particular, we have 

The assignments k ^ GRT^° (k) are then Q-group schemes. 

For (g,u±) £ GRTf'(k), define a±,b± by u±(x 1 ,y 1 ) = a±x\ + b ± y 1 mod [ti i2 , t^]. 
Lemma 49. 1) There is a unique group scheme morphism GRTf (— ) — > SL 2 , (g,u±) i->- 

/ o + b+\ 
Va_ b- )■ 

2) This morphism has a section SL 2 — > GRTf H (— ), given by ( ^+ b + ) H> {l,u±{x\,y{) = 
a±xi + b±yi). 

Proof. 1) a + o_ — a_o + = 1 follows from (28); the morphism property is clear. 2) is straight- 
forward. □ 

We now set GRTf" (k) := Kcr ( GKlf' (k) SL 2 (k)) . This defines a group scheme GRTf"(— ). 

Lemma 50. GRTj"(— ) is a prounipotent group scheme; we have GKFf 1 (— ) = GRTj"(— ) x 
SI.,. 

Proof. GRTj"(k) is a subgroup of GRTi(k) x Kcr ( Aut^ 2 ) -> GL 2 (k)); the assignment 
k i y (the latter group) is a prounipotent group scheme, hence so is GRTj"(— ). The second 
statement follows from Lemma 49. □ 

The group k x acts on GRTf (k) by c • (g,u±) := (c • g, c • u±), where c • g is as above, (c • 
u+)(xf , Xi) u + (x\ 1 c~ 1 x~^) 1 (c • U-)(xf , x±) := cu-(x^ , c -1 ^). We then set GRT e ;i(k) := 
GRTf(k) x k x . Then k ^ GRT eH (k) is a Q-group scheme, we have GRT eH (-) = GRTf (-) x 
G m . 

We then have a group scheme morphism 
(31) GRTeii(-) -»• GRT(-), 

induced by (g, u±) i-> g and the identity on G m . 

To elucidate the structure of GRT e ;;(— ), we use the following statement on iterated semidirect 
products: 

Lemma 51. Let Gi be groups (i = 1,2,3J. The following data are equivalent: 

(a) actions 12 Gj -> Aut(G;) for i < j, such that g 3 * (g 2 * gi) = (g 3 * 92) * (ff3 * fli); 

(b) actions Gj — > Aut(Gj) for = (1,2) and (2,3), and an action G23 — > Aut(Gi 2 ) 
(where Gij := Gi x Gjj, compatible with the actions of Gj on Gi for = (1,2) or (2,3), 
and wzi/i the adjoint action of G 2 on itself. 

These equivalent data yield actions G3 — > Aut(Gi 2 ) and G 2 3 — > Aut(Gi), and we then have 
a canonical isomorphism (Gi x G 2 ) x G3 ~ G\ x (G 2 x G3). 



12. 



The action of gj £ Gj on 6 Gi is denoted gj * gi d Gi 



ELLIPTIC ASSOCIATORS 



25 



Proof. Straightforward. □ 

We then have an action of GL 2 on GRTJ (— ), given by 7 • (g, u + ,U-) := ■ g,u + ,U-), 
where (" +( , Xl > Vl \) := 7 ("+^! 1 ' s . 1 h and (f) := 7 _1 (?i 1 )- It satisfies the conditions of Lemma 

V u_ (xi,j/i) / ' V u_(cci,j/i) / v / ' \ y 1 / 

51, (b), where: Gi = GRT^(-), G 2 = SL 2 , G 3 = G m , the isomorphism G 2 x G 3 ~ GL 2 being 
given by G m — > GL 2 , c ( J ° ) • We have therefore an isomorphism 

GRT e „(-)~GRTf(-)xGL 2 , 

where we recall that GRTj"(— ) is prounipotent. 

The morphism (31) then fits in a commutative diagram 

GRTeji(-) -»• GRT(-) 
I I 
GL 2 — > G m 

as the morphism G 2 xi G3 — > G3 coincides with det. 

6.3. A morphism GRT(k) — > GRT e H(k). We now construct a section of (31). We first set 

(32) toi := - J^l^ Vi) G for i e {1, ..,n}. 

For 5 e cxp(f 2 ) C exp(tg) (where the inclusion is A i-> ii 2 , 5 i->- t 23 ), we set g ' 1 - 2 ■= 
g(toi,t 12 ) e exp(t£ 2 ) .g ' 2 ' 1 := g(t 2,t 2 i) € exp(t£ 2 ). 

Lemma-Definition 52. For g e exp(f 2 ) ; t/iere exists a g e Aut(ti 2 ), uniquely defined by 
a g ( Xl ) = logG^-V V 1 ' 2 )" 1 ), « fl (*oi) - gP'^toiig ' 1 ' 2 )- 1 . We set (u%,u g _) := (a fl (a:i), a fl (yi)). 

Proof. This follows from the fact that 2 is freely generated by £1 and to\. □ 

Proposition 53. TTie map GRTi(k) — > GRTJ (k), g (g,u 9 + ,u 9 _) is a group morphism. It 
is compatible with the action o/k x , Zience extends to a group morphism GRT(k) — >■ GRT e ;;(k), 
section of (31). The latter fits in a commutative diagram 

GRT(-) -+ GRT e „(-) 

G m — > GL 2 , 
where the bottom morphism is c \-> ( J c ) • 
Proof. We first prove: 

Lemma 54. ti n is isomorphic to the topological Lie algebra with generators Xi,t a p (i G 
{l,...,n}, a ^ (3 6 {0,...,n}J and relations (we set Xi := e Xi ; run over {l,...,n} while 

a, (3, ... run over {0, . . . , n} ): 

(33) tp a = t a p for f3, [t a p,t yS ] = [t a p,t al + tp y ] = for a, S all different, 

(34) log(X i ,X J )=log(J]X i ) = 0, 

i 

(35) Xi(t j + k^Xr 1 = t j if % / j, X^^ -1 y^*m, 

(36) XitjkXr 1 = tj k for i, j, k distinct, (XjX^tjkiXjXk)' 1 = t jk for i ^ j, 
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(37) Yl = °- 

0<a<f3<n 

Proof. One first checks that if one defines tot as in (32), then the above relations are satisfied; 
conversely, if one sets yi := — e ad ^.~ 1 (toi), then the above relations lead to the defining relations 
oftL. " □ 

Lemma 55. Let (g,u±) <G GRTf'(k) and a G Aut(t5 c 2 ) be defined by a(xf) = u±. Then 
®g,u± € Aut(t5 c 3 ) (see Lemma 47) may be defined by 

9 g . u± : X 1 i y Ad( ff 1 ' 2 ' 3 )- 1 («(X 1 ) 1 ^ 23 ), X 2 i ^ Ad^'^rV^) 2 ' 13 ), X 3 ^ a^) 3 ' 12 , 

toi ^ AdCg 1 ' 2 ' 3 )- 1 ^^!) 1 ' 23 ), t 02 i ^ Ad^ 2 ' 1 ' 3 )- 1 ^!) 2 ' 13 ), tos -> a(toi) 3 ' 12 , 
*i2^ti2, *23^ AdCg 1 ^ 2 ' 3 )- 1 ^), i 13 ^ Ad^ 2 ' 1 ' 3 )" 1 ^). 
Proof. Immediate. □ 

Lemma 56. Let g £ GRTi(k). There is a unique 9 g e Aut(ti 3 ), such that 

: X\ i y (S 1 ' 2 ' 3 )- 1 ^' 23 ' 1 ^!^ ' 1 ' 23 )-^ 1 ' 2 ' 3 , A, ^ (ff 2 ' 1 ' 3 )- 1 ^' 13 ' 2 ^^ . 2 ' 13 )-^ 2 . 1 ' 3 , 

(38) 

toi i y Ad(( ff 1 ' 2 ' 3 )- 1 ff °' 1 ' 23 )(i i), t 02 Ad^ 2 ' 1 ' 3 )- 1 ^ 2 ' 13 )^), % H- Ad(. 9 °< 3 < 12 )(io 3 ), 

(39) tl2^tl2, t23^Ad(ff 1 ' 2 ' 3 )- 1 (i 23 ), il 3 ^ Ad^ 2 ' 1 ' 3 )" 1 ^). 

Proof. Let us first prove that relations (33) and (37) (for n = 3) are preserved. In Subsection 
6.4, we will construct a functor PaCD g * PaCD, which gives rise to an automorphism 
exp(tjj) x S n = PaCD(O) -> (PaCD * g)(0) = exp(t^) x S„ for any O e PaCD(O), \0\ = n. 
When O = •((••)•), the resulting automorphism of t| is given by (38), (39). So relations (33) 
are preserved. The automorphism necessarily preserves Z(t^) = k • J2 a <p *a/3i so relation (37) 
is also preserved. 

Note for later use that 

(40) ^(z 2,3,1 ) - AdG? 1 ' 2 ' 3 )- 1 ^*) 2 ' 3 ' 1 ) for x e { Xi ,t a p}. 
We have 

9 g (X 2 )9 g (X 3 ) = ( ff 2.1,3 ) -l ff 0,13,2 X2a? 0,2,13 ) -l ff 2,l,3 J/ 0,21,3 X3(ff 0,3,12 ) -l 

= (ff 2 ' 1 ' 3 )- 1 ^' 13 ' 2 ^^ 2 ' 1 ' 3 ^ ' 2 ' 1 )- 1 ^^ ' 3 ' 12 )- 1 
= (ff 2 ' 1 ' 3 )-^ ' 13 ' 2 ^' 1 ' 3 ^^^ 03 ' 2 ' 1 )- 1 ^ ' 3 ' 12 )- 1 

= (5 2 ' 1 ' 3 )- 1 (ff 1 ' 3 ' 2 )- 1 5 ' 1 ' 32 5 01 ' 3 ' 2 ^2X 3 ( 5 ' 3 ' 2 )- 1 ( ff ' 32 ' 1 )- 1 ( 5 3 ' 2 ' 1 )- 1 
= (fl 2 ' 1 ' 3 )- 1 ^ 1 ' 3 ' 2 )- 1 ^' 1 ' 32 ^^^ 32 ' 1 )- 1 ^ 2 ' 1 )- 1 , 

while 

9 g (X 3 )9 g (X 2 ) = fl 0.21.3X3( fl 0.3.12 ) -l (s 2,l 1 3 ) -l fl 0,13,2 Jf2(j/ 0,2 1 13 ) -l fl 2,l 1 3 

= g^Xsg^ig^-'Mg ' 2 ' 13 )-^ 2 ' 1 ' 3 
= ^^V'^Xa^^'^rV' 2 ' 13 )" 1 ^ 1 ' 3 

= (s 1 ' 2 ' 3 )-^ ' 1 ' 2 ^ 01 ' 2 ' 3 ^^ ' 2 ' 3 )- 1 ^ ' 23 ' 1 )- 1 ^ 2 ' 3 ' 1 )-^ 2 ' 1 ' 3 
= G? 1 ' 2 ' 3 )-^ 1 ' 23 ^^ ' 23 '^^' 3 ' 1 )-^ 1 ' 3 , 

which implies (6 g (X 2 ), g (X 3 )) = 1. Then (40) implies that {e g {X i ),e g {X j )) = 1 for any 
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The above computation of 6 g (X 2 )0 g (X 3 ) implies that 
g {X{)6 g {X 2 )6 g {X 3 ) 

as XiX 2 X 3 = 1. So X1X2X3 = 1 is preserved. 

8 g (X 3 ) clearly commutes with 9 g (ti 2 ), which implies that XjtjkX^ 1 = tjk is preserved in 
view of (40), as well as XjXktjk(XjXk)^ 1 = tjk (as the Xi commute and X\X 2 X% = 1). 

Now 

e g (t02 + h 2 ) = Ad(( ff 2 ' 1 ' 3 )- 1 5 °' 2 - 31 )(t 02 ) + *12 = Ad( ff °- 21 ' 3 )(Ad( 5 °' 2 - 1 )(fo2) + ii 2 ) 

= Ad( 5 °' 21 - 3 )(toi + t 02 + ti2 - AdO? ' 1 - 2 )^!)) = ti2 + Ad(5 ' 21 - 3 )(toi + to2) - Adte ' 12 ' 3 *? ' 1 ' 2 )^!). 
Then 

e g {X 1 )§ a (t oa + t 12 ) = (.g 1 ' 2 - 3 )- 1 .g°' 23 ' 1 A 1 ((.g°^ 23 )- 1 5 1 ' 2 ' 3 t 12 + ( 5 °' 1 ' 23 )-V' 2 'V' 12 ' 3 (toi + to2)(9 ' 12 

_ (ff 0,l,23 ) -l ff l 1 2,3 fl 0,12,3 ff 0,l,2 t0l(fl 0,l,2 ) -l (5 0,12,3 ) -l^ 

- 5 01 ' 2 'V(5°' 1 ' 2 )- 1 (5°' 12 ' 3 )- 1 ) 

= (5 1 ' 2 ' 3 )- 1 0°' 23 ' 1 ^ O1 ' 2 ' 3 (to2 + ii2)(0°' 1 ' 2 )- 1 (5 ' 12 ' 3 )- 1 

= (5 l,2,3 ) -l fl 0,23,l 5 0,2,3 t02Xi(5 0,l,2 ) -l (fl 0,12,3 ) -l ; 

while 

= ^2,l,3 ) -l ff 0,2,31 t025 02,3,l (fl 0,2,3 ) -l Xl(5 0,l,23 ) -y,2,3 
= (5 2,l,3 ) -l 9 0,2,3 V 2 1 3,l fo2Xi(9 01,2,3 ) -l (9 0,l,23 ) -l 9 l,2,3 
= 5 3,l,2 5 2,3,l ff 0,23,l fl 0,2,3 t02Xl(fl 0,l,2 ) -l (fl 0,12,3 ) -l ) 

so the relation A"i(i 2 + £12)^1" 1 = ^02 is preserved. (40) then implies that the relations 
Xiitoj + Uj)X~ l = toj are preserved. Together with the other relations, these relations imply 
XitoiXf = X)a^i *a*i which are therefore also preserved. □ 

End of proof of Proposition 53. If g G GRTi(k), then one checks that the automorphisms 
9 g from Lemma 56 and ot g e Aut(t5 c 2 ) from Lemma-Definition 52 are related in the same way 
as 9 g ,u± and a are in Lemma 55. It follows that if u± are as in Lemma-Definition 52, then 
(g,u 9 ±) G GRTf (k). This defines a map GRTi(k) -> GRTf H (k). 

We now show that GRTi(k) -> GRTf (k) is a group morphism. In view of (30), it suffices 
to prove that g2 9 gi = gi * g2 , which can be checked directly, e.g., 

MM*i)) - Msi' 2 ' 1 ^ 0,1,2 )" 1 ) = o g Mt 02 ,t 21 )x ig ^(t 01 ,t 12 )) 

= ffl (Ad( ff2 ' 2 ' 1 )(to2),i2i)ff 2 °' 2 ' 1 A 1 ( 52 ' 2 ' 1 )- 1 5 r 1 (Ad( 52 ' 2 - 1 )(ioi),i 12 ) 
= (. 9l *g 2 )°* 1 X 1 ((g 1 * g,) - 1 ' 2 )- 1 = Sl * S2 (*i), 

etc. 

We now prove that GRTi(k) -> GRlf' (k) is compatible with the actions of k x . If c ■ 
(5> «±) = (ff, w±)) then % i± and g>u± are related by % i± = 7 c 6» g , tI± 7 ( T 1 , where 7 C e Aut(!^ 3 ) 
is 7 C (2:+) = 2;+, 7 C (x^) = c~ Y x~l . It then suffices to prove that 8 g = 7c#g7 c ~ 1 , where we 
recall that g(A,B) = g{c _1 A, c _1 i?), which follows from 7 c (a;j) = x i: "f c {t a [j) = c~ 1 t a p for 
< a ± /3 < 3. 
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The final commutative diagram follows from 

GRTf (k) x k x 

I \ 
SL 2 (k) x k x -4 GL 2 (k) 

where SL 2 (k) x k x ~ GL 2 (k) is induced by k x -> GL 2 (k), c H- ( J ° ) . □ 

We set 

(41) R 9 J U (k) := Kcr ( GRT eH (k) -> GRT(k)) . 
Explicitly, 

njr/i \ (I \ _ /?k \2| 1,23 . 2,31 . 3,12 n r 1.23 2.13i n r 1,23 2.13i . i 

R ellW = e ^1,2) \ u ± + u ± + u ± =0,[U± ,W± ]=0,[«^ ,UJ ]=*i 2 } 

(42) C Aut(t^ 2 )°P. 

Then k n> i?^ (k) is Q-group scheme, and we have a commutative diagram 
1 -> ^Si(-) GRT e „(-) -»• GRT(-) -> 1 

■I' -i- 4- 

1 -> SL 2 GL 2 G m -> 1 

The lift of GRT e «(— ) — > GL 2 restricts to a morphism SL 2 — > R 9 J U {— ), and the structure of 
Rell(— ) is therefore 

«-)=Ker(i^(-)^SL 2 )xSL 2 , 
in which the kernel is prounipotent. 

The morphism from Proposition 53 enables us to define an action of GRT(— ) on )■ 
GRT e ;;(— ) has then the structure of a semidirect product, fitting in 

GRT eH (-) ~ ^(-)xGRT(-) 
I I 
GL 2 ~ SL 2 xG ra 

where the bottom morphism is induced by G m — > GL 2 , c4 ( J c ) • 

6.4. Categorical interpretations. A left action of GRT(k) on {IMBCs} is defined as fol- 
lows: g G GRTi(k) acts on (Co, c_,_, a,---, <-,-) by only modifying axYZ into ax,Y,z ■= 
axYzg(txY ® idz, UxYzi^x ®^y z)&xy z) and c£k x acts by only modifying txY into ctxY ■ 

Similarly, one can show that a left action of GRT e ;/(k) on {(an IBMC, an elliptic structure 
over it)} is defined as follows: (g, u±) G GRTf (k) acts on (C ,C) as (g, u±)*(C , C) := (g*C , C), 
where for C = (C, F, x^_), we set C = (C, F, ), where x x Y — ^(x^ Y ,x x Y ), and c G k x 
acts on (Co,C) as c * (Co, C) := (c * Co, C), where C = (C, F, xj y , cx x Y ). 

6.5. Action of GRT eH (k) on Ell(k). Recall that GRT(k) acts on M(k) from the right as 
follows: for g G GRTi(k) and (fi, $) G M(k), (/x, $) * p := (/z, <l), where 

*(*12,*23) - *(Ad(5 1A3 )(ti 2 ),t23)ff 1,2,3 , 

and for c G k x ,(^i, <f>) * c := (c/z, c * $), where (c * B) = $(cA,cB). This action is 

compatible with the maps {IBMCs} — > {BMCs} induced by elements of M(k) as follows: 
$ * ( 5 * Co) = ($ * .9) * C for any $ G M(k), G GRT(k) and IBMC C . 

For (g,u±) G GRTf (k) and (/z,$,A±) G EU(k), we set (/z,$,,4±) * (g,u±) := (/z,$,i±), 
where 

i4±(a;i,j/) := A±(u+(ari,j/i),u_(a;i,j/i)) 
(in other terms, A± = 0(A±), where 9 G Aut(ti 2 ) is x l i-> w±(x^, xj~)) and for c G k x , we set 
(/z,$,A±) := (^,c*$,ctJA ± ), where (4A ± )(x 1 ,x 1 ) := A±(x+ ,c Xl ). 
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Proposition 57. This defines a right action o/GRT e «(k) on EU(k), commuting with the left 
action of GT ell (k) and compatible with the right action o/GL2(k) on M2(k). 

Proof. Let us show that (//, l>, A±) G EllCk). If 6 G Aut(t^ 2 ) is defined by ) = u±, and 
:= ^a,u±, then 

flfa 1 ' 23 ) = Ad^ 1 ' 2 - 3 )" 1 ^^) 1 ' 23 ), 0> 2 ' 31 ) = Adte 2 ' 1 - 3 )- 1 ^) 2 - 31 ), 0(z 3,12 ) = 0(x) 3 > 12 
for any x G t^. Applying 9 to (22), we get 

( { e ± M ti2/2 } ^)3,120 ($ M,2)^,3)-l0^ 

^1,2,3^1,2,3) = L 

NOW ^($ 3 ' 1 ' 2 )( 5 2 ' 1 > 3 )- 1 = I- 3 ' 1 ' 2 , ^2,1,3^2,3,1)^1,2,3)-! = $2,3,1, ^1,2,3^^1,2,3) = $1,2,3 

Since 9({e ± ^^ 2 }A ± ) = {e*"*"/ 2 }^, Ou,<M±) satisfies (22). 
Applying now 8 to (23), one gets 

e /*t ia = (^-ig-i^) 1 ' 23 ^)^' 12 /^^ 

Using again = l> and g 2 ' 1 ' 3 ^) 2 . 1 . 3 ) = $ 2 ^. 3 ; together with 9(A±) = A±, we see that 

(fi,$,A±) satisfies (23). 

Similarly, applying the automorphism x\ i-> x+, x^ i->- cx^ to identities (22), (23), we see 
that (/i, <&, A±) * c again satisfies these identities, hence belongs to Ell(k). It is then immediate 
to check that we have a right action of GRT e «(k), commuting with the left action of GT eH (k). 

□ 

Proposition 58. The action o/GRT e n(k) restricts to an action on Ell(k) C Ell (k), which is 
free and transitive. 

Proof. Given that the action of GRT(k) on M(k) is free and transitive, it suffices to prove 
that the action of i?^ r ; (k) on EIL^ $)(k) := Ell(k) x M ( k ) {(fi, $)} is free and transitive for any 
;//.'!>; G /.//•: k:. 

Recall that i?f[ ; (k) is explicitly described by (42); its inclusion into Aut(ti 2 ) is by (u + ,U-) M> 
0„ + ,„_ = (xf i->- u±). On the other hand, EZZ^) (k) = {(A + ,^4_) satisfying (22), (23)}. Then 

(43) * («+,«_) = (0 U± (A + )A ± (,4_)). 

Relation (23) implies that (A_,^4 + ) = e M * 12 , which together with /i G k x implies that v£ 2 * s 
generated by log A±. Together with (43), this implies that the action of R 9 J u (\t) on Ell^ ^^k) 
is free. 

Let us now show that this action is transitive. We first observe that R a J u (k) can be described 
as {6 G Aut(t£ 2 )|30 G Aut(t5 c , 3 ) with 9{t l} ) = Uj for 1 < i ^ j < 3 and 9{x^ ik ) = 6{x)^ k for 
{i, j, k} = {1,2, 3} and a; G l\ 2 }. Let (A + ,AJ) and {A + ,AJ) G Ell^ >9) (\n) and let 9 G Aut(t£ 2 ) 

be the automorphism such that 9{A±) = A±. Let us show that there exists 9 G Aut(ti 3 ), such 

that 

(44) 

0(Uj) = tij for 1 < i^ j < 3 and 6{x l ' 3k ) = 9{x) l ^ k for {i,j, k} = {1, 2, 3} and x G t£ 2 . 
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Let : B 3 (k) — > exp(t 3 ) x S3, i( M ^.A ± ) '■ Pi,3(k) — > exp(ti j3 ) xi S* 3 be the isomorphisms 

induced by (fi, $), (^, A±) and the object •(••)■ We have a commutative diagram 



l (u,#,A + l 

P li3 (k) -expfe) 



exp(t 3 c ) xi S 3 



*(/,,*,A ± ) 



P 1;3 (k) > exp(t* 3 ) x S 3 



where the maps l V are isomorphisms. Note that for a G B3, i^^(a)[a] 1 G exp(t 3 ) (where 
(j 1 ^ [cr] is the canonical morphism B 3 — > S3). 
Then 



Hp^,A±)( X 3 



1 1,23 



«(/i,*,A ± )(^) = {ia.(<r 1 =1 )si}A| 13 {sii 4 ,(af 1 )}, 



{^(cr^Vf 1 )siS 2 }^± 12 {s2Sii< I ,(cr 1 =i cr* i )}, 



where we recall that x i-> {x} is induced by the canonical morphism t 3 — > ti j3 . Also i^.^Ai) (°f ) = 
{V,*)(of )}, for » = 1,2 and i( Ml *,A ± )(o-iCT|<7i) = {i( M ,*)(o"iCT|CTi)}. 
Let := i (([li $ ; A ± ) vU.Ai)' Then G Aut(t^ 3 ), and: 

(a) 9 leaves {^.^(of )} (i = 1,2) and {o~\<j\ o~i)} fixed, so it leaves the image of 

h — > ti,3 pointwise fixed; 



which implies, as {i( J[tl $)(o' 1 =1 )si}, {sii( Ali $)(cr 1 =1 )} G im(exp(t 3 ) — > exp(tY 3 )), that 6>(A^ 13 ) = 



J2,13. 



one proves similarly that 6(A± 12 ) = A 



73,12 



(b) implies that 9{x l ^ k ) = 9{x) l '^ k holds for x = A±, therefore also for x in the topological 
group generated by A±. As \i G k x , this group equals exp(ti 2 ), so 9 satisfies (44). So 9 G 

Proposition 59. The scheme morphisms Ell — > M and M A (see Proposition 44) are 
compatible with the morphisms GRT e ;;(— ) — > GRT(— ) and GRT(— ) — > GRT e «(— ) (see Propo- 
sition 53). 

Proof. We need to prove the second statement only. Let M(k) A Ell (k) be given by 
(//, 3>) 1— > (//, Afc(/x, $)), then we must show that for g G GRTi(k) and (//, $) = (/i, $) * 5, we 
have ^4±(/U, $) = a s (A(ix, $)), where a g is as in Lemma-Definition 52. This follows from the fact 
that a g satisfies a g (t 2) = Ad(g°-' 2 ' 1 )(t 2), 0^(^12) = £12- It is also clear that M(k) A EU(k) is 
compatible with the action of k x . □ 



Ell 



M M 

Remark 60. In fact, the commutative diagrams 4- I and ^ 

M 2 d 4 A 



compatible with the right actions of the diagrams 

GRTeuH -> GRT(-) GRT(- 
i i and ^ 

GL 2 A G m (n_ 



A 



>(? ,- c ) 



GRT eH (-) 
I 

GL 2 



J5H 
M 2 



are 
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6.6. Lie algebras. The graded Grothendieck-Teichmiiller Lie algebra is 

gtt, = { v e f 2 |V + V^ 3 ' 2 ' 1 = o, v + 2 ' 3 * 1 + 3 ' 1 ' 2 = o, [t 23) V 1 ' 2 ' 3 ] + [*i3, V 2 ' 1 ' 3 ] = o, 

^2,3,4 _ ^12,3,4 + ^1,23,4 _ ^1,2,34 + ^1,2,3 = Q}j 

where we use the inclusion f 2 C t3, A i-» t 12 , B n> t 2 3! it is equipped with the Lie bracket 
(-01,-02) = [01,02] + A/, 2 (0i) - A/>!(02), where flfi^ [0, A], Bh>0. 

The Lie algebra Q acts on gc^ by [1,-0] = — (deg0)V> (where degA = degB = 1), and we 
set Qtt := gtt-L xi Q. 

The Lie algebras Qtt^ are N-graded (where deg is extended to be on Q), we then have 
LieGRT^^— ) = Qtt^ (the degree completions). 
Let 

Qttf := { (0, a±) G f 2 x (ti, 2 ) 2 |0 G fltt 1; 

4 23 + a 2 / 1 + c^ 12 + [4, V 1 ' 2 ' 3 ] + [4, 24 ' 3 ] = 0, 

[4. « 3 ± 12 ] + b± 23 ,4] - 14, [4,^ 1>2,3 ]] = o, 

It is a Lie algebra when equipped with the bracket 

[(Vi, af), (^2, at)} = ((^2),D at (at) - D af (at)), 

where for a± G ti ; 2, D a± G Der(ti2) is given by i-> a±. 

The Lie algebra Qe 2 2 acts on Qttf by [e 2 2, (0, a+,a_)] = (—(deg ■0)0, — (deg_ a + )a + , (1 — 
deg_ a_)a_), where deg0 is as above, and deg_ a± is defined by deg_ x\ = 0, dcg_ x^ = 1. 
We then set Qtt eU := Qttf 1 x Qe 2 2. 

The Lie algebras 0tt?{l are N-graded, where (tp, a±) has degree n if 2 deg = deg a± — 1 = n 
(dega± being defined by degx x = 1 and degip by deg £12 = deg £23 = 1) and e22 has degree 0. 
Then LieGRT(" } (-) = gtt(". 

We have a morphism Qttf 1 — > sh, (tp, a+, a_) i-+ ( a a + _ b + ), where a + = a±xi + b±yi modulo 
degree > 2. It extends to a morphism Qtt eU — > gl 2 via e 2 2 (0 ?)• We denote by Qttff the 
common kernel of these morphisms; it coincides with the part of QttfR of positive degree. 

These morphisms admit sections 5I2 — > Qttf 1 given by ( a a + \ + ) i-> (0, a±x\ + b±y\) and 
g[ 2 — >• grt eH given by its extension by (§}) n> e 22 . We then have gttf H ~ grtf" xi s[ 2 , gtt eH ~ 
Qttfj x g[ 2 . 

Z 2 -gradings may be defined on gtt^" as follows. We have a Lie algebra inclusion Qttf 1 C 
Qtt x © Der(ti,2) =: ©■ Recall that Qtt x is N-graded while Der(ti i2 ) is Z 2 -gradcd by the Z 2 - 
grading of ti ; 2 given by (deg + , deg_)(x+) = (1,0), (deg + , deg_)(x^) = (0, 1). We then define 

a Z 2 -grading on © by <B\p,q] := ( D fi V^fe' 9 L v , ^ P . This restricts to a 

1 fltti[p] eDer(ti, 2 )[p,p] if<?=P 

Z 2 -grading (deg + ,deg_) of gttf , which extends to gtt eH by (deg + , deg_)(e 2 2) = (0,0). 

The Z 2 -grading of Qtt eU is compatible with the action of the Cartan subalgebra of gt 2 : we have 
[en, a;] = — (dcg + x)x, [e22,x] = — (dcg_x)x for en = (Jo) £§'2 an d x G 0tt eH homogeneous. 

We have a morphism Qttf 1 — > gtt l7 (0, u±) i-> 0. It extends to a morphism grt e/; — > grt by 
e 22 1- Using Proposition 53, sections of these morphisms are constructed as follows: 

Proposition 61. There is a unique Lie algebra morphism grt x — > grt x , ip ^ (0, u+,U-), where 
u% := D^(xt) and A/- 6 Der(ti, 2 ) is defined by A/>(e Xl ) = V^-V 1 - e* 1 ^ ' 1 ' 2 , A/>(*oi) = 



'As before, = fj , etc. 
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[y,o,i,2 j t i] - -ft extends to a Lie algebra morphism gtt — > grt e ;j fry 1 h-» e 22 . ii is homogeneous, 
gtt being equipped with its degree and Qvt eU with degree dcg_ . 

Set now rf[; := Ker(gtt eH -> get). We have 

or r/ \ ,- /i \2i 1.23 , 2.31 , 3.12 n 

*d! ={(«+><*-) € (ti, 2 ) | «± +«± +a ± =0, 

r 1 2,13i , r 1,23 2 i n 

[xX,a 2 _l 13 ] + [a\ 2 \x 2 _] = 0} C Der(t 1;2 )°f. 

This is a Z 2 -graded Lie subalgebra of gtt eH ; it is also N-graded by dcg + +dcg_. We have 
tg[ ; [0] ~ s( 2 and r^[ ; ~ (©dx)^ [d]) * s b- Its completion for the N-degree is isomorphic to 
Lie «-)- 

Define a partial completion x 9 J u := ©odlp [p> Proposition 61 gives rise to a Lie algebra 
morphism gtt -> Der(t^). We then have gtt eH ~ tf[ ; x gtt, where gtt eH := 9 J[ p 0tt eH [p, q] is 
a partial completion. 

On the other hand, note that Qt eU := LieGT e ;;(— ) is filtered as follows: gt eH = gtf x Q, 
where gtf := LieGTf (-) C f 2 x (ti, 2 ) 2 . We then set (gtf)- := fltf , (fltf" )^ rl := ff™ /2 x 
((ti j2 ) 2 )-™ +1 for n > 1, where the degree in f 2 is induced by deg(ii 2 ) = deg(i 2 3) = 1 and 
the degree in ti i2 by deg(x^) = 1. By inspecting relations, we have a canonical morphism 
g r (0t e iz) ~> flrteH; restricting to gr(r e ;;) — > E v ( x m) and compatible with gr(gt) — > gtt. We will 
see that these are isomorphisms. 



Remark 62. We have then GRT (1) (k) = expert") ( x k x ), GRT$ = exp(gttf ' k ) x G(S)L 2 (k), 
iS(k)= exp^otS I 



^(k)=exp(n d>0 <[Jd]®k)xSL 2 (k). 



Remark 63. Any (a + ,a_) G tf ; r ; satishes a± + = 0, which implies that the total degree 



(in which xf have degree 1) of a± is odd. So t^ r ; [d] = unless d is even. 



6.7. A Lie subalgebra C t^. 
Proposition 64. For n > 0, set 



6 2n :=(a + = & d(x 1 ) 2n+2 (y 1 ),a. = l ]T (-^[(ad^f fa), (adz^fa)]). 



2 

0<p<2n+l, 
p+g= 2 n+l 



T/ien o" 2 „ € tg[ ; [2n+ 1,1]. <5q is central in gtt eH and coincides with adii 2 as an element of 



qr 

Der(t lj2 )°f. 

Proof. In [CEE], Proposition 3.1, we constructed derivations 5^ <E Der(ti iTO ), such that 
: x t ^ 0,Uj H. [t«,(ada;i) 2n (iy)],W ^ ]T ^ 51 [(adz^fe), (- ad a*)' (*«)]■ 

jy'^i p+<j= 2 n-l 

Let then 5<£> := <j<™> + E^ada*) 2 "^, -]• Then 

4^) = E(ad^) 2 "(%),^] = (adx,) 2 " +2 (y 4 ) = o'-'- ? -». 8^(Uj) = 0, 
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$ ( Z\vi) = s£\vi) + E2(ad Xj f n (t jk ), yi } 

j<k 

jjti j<k;j,k^i 

= 4™ ) (yi) + E[(ad^) 2 "fe),y i ]+ E E (ad^n^^ad^)"^^)] 

3<k;j,k^£i p+q— 2n — 1 

= 4;r ) fe)+E[( ad ^) 2 "^)'^- E E [(-ad^^-Mad^m)] 

j<k;j,kyii p+q=2n — 1 



= 4n } G/i) +E[( ad ^) 2 "fe),yi] - ^ E [E(-ad^) p fe),E( ad ^) 9 ^ 

+ ^E E [(-adx.ffeO^adx,)"^)] 

p+q=2n-l 

= -[( a dx i ) 2n+1 (y i ),y i } + ± Y, [(-ad^) p+1 (y 4 ),(ad^) 9+1 (y,)] 

p+g— 2n— 1 

= i ^ [(- adx^fe), (ada^'fa)] = a iA - 1 -" . 



2 

p+q=2n+l 

Then = Si 3 J([xf,xf}) = [xf,a 2 / 3 ] + [a'/^xf] and = 5^(t 12 ) = [xi,a 2 _l 13 } + [a\ 2 \x^], 
which implies that 02n S tfJJ. □ 

We define b3 := (sh, #2n) C rf[ ; as the Lie subalgebra generated by 5(2 and the 8<i n . This Lie 
algebra is N-graded, and corresponds to the subgroup exp(b^ k ) x SL 2 (k) C R g J u {k) (where the 
hat denotes the degree completion and + means the positive degree part). 



7. A map Sj -> Ell{€) 

Recall that the KZ associator is defined as $ xz = G\{z)~ 1 Gq{z), where Gi(z) are the 
analytic solutions of 

G'(z) = (^ + ^-j)G(z) 

in ]0, 1[, valued in exp^), with asymptotic behavior Gq{z) ~ z A as z — > and Gi(z) ~ (1 — z) B 
as z -> 1. Then 14 (27ri,$ K z) £ M(C). We set Ell KZ := £ZZ(C) x M(c) {(27ri, 
We let := {r 6 C|5(r) > 0}. We will define and study a map e : — >• EIIkz- 

7.1. Definition of e(r). We let (z,t) i— >• #(<2|t) be the holomorphic function on C x fl, such 
that 6»(z + 1|t) = -6(z\t) = 0(-z\t), 6{z + t\t) = -e 2vizT+l7 < T 6{z\t), {z\6(z\t) = 0} = Z + rZ, 
a^(0|r) = 1. 

For t G ij, we let F(z\t) be the holomorphic function on {z = a + br\ a or b e]0, 1[}, valued 
in exp(ti 2 ), such that 

, . . 6(z + (27ri) _1 ad x\t) ad x , . , , . , „. , . t 
Wlr) = - ^^((L^adilr) <"> ' ^ ^ & ^ ° ; 

here x := xj, y := x%, t := i 12 . We then set 

A+(t) := F{z\t)~ 1 F{z + 1|t), A_(t) := F (z\t)~ 1 e x F (z + r|r). 

Proposition 65. r e(r) := (A + (t), A- (r)) is a map fj — > EIIkz- 
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Proof. In [CEE], Section 4.4, we introduced I,Be exp(t£ 2 ). We set A + := A, A_ := B, 
then 

A± = ° XP( Y\ {C ~ + £ «2 fe 4 } )) (2^ i) ^ [e + < e 1 ( A ± (r) ) , 

1 fc>0 

where £ fe > a 2k t 2k = - ± and e_,^ € Der(ti, 2 ). So (A+(r), A_(t)) satisfies (22), 

(23), (26) in [CEE]. (22), (23) imply that {A+(t), A_(t)) satisfies (22). (26) implies that 

(A^t) 12 ' 3 ^- 1 }^^) 1 ' 23 )- 1 ^}, A+(r) 12 < 3 ) = {$- 1 e 27rit23 $} 

and using (23) in [CEE], we rewrite this as 

({ e -i-*i2$3,2,l| A _ (T) 243{ $ 24,3 e -i^ 12 | jj4+(T) 12, 3) = { $ -l e 2*it a8 $} } 

which as in the proof of Proposition 44 implies that (A + (t), A_(t)) satisfies (23). □ 

7.2. Properties of e(r). We now describe the behavior of the map r i-> e(r) under the action of 
SL 2 (Z). Recall that the central subgroup {exp(a<5o), a 6 C} acts on EUkz by (A±)*exp(a5o) = 
(e atl2 A±e- atl2 ). 

Proposition 66. We have 

(45) e(gr) 6 ~g* e(r) * (J^ hr ^)^ T + d ^ 

for g E SUZ, with image g = (" 5 )& SL 2 (Z). Here ( a c b d )e SL 2 (C) acts on e = {A + ,AJ) by 
e *(c d) := (A + (ax+by,cx+dy),A_(ax+by,cx+dy)), and for z e C x , {z s °} := {cxp(u<5 )|e" = 
z} is a torsor under exp(27riZ5o). 

Proof. For g = («f)e SL 2 (Z), we set a fl (r) := (J^ (7T+ ° s) -i)- Then a 3192 (r) - 

a 92( T ) a Sl (ff2T). 

Let also b g (r) := (7T + 6) s ° (a class in e^/e 2 * 50 ), then 6 3l32 (r) = & 32 (r)6 fll {g 2 r). It follows 
that {g| (45) is satisfied} C SL 2 (Z) is a subgroup; so it suffices to check (45) for g = 0. 

We let K(z\r) := - ^jgg^lM^ ( y ) and let A*;(r) be the solution of d Xl A%(r) = 
K( Zi \t)AII(t),A*(t) = 1. Then 

A+{t)= lim £-*^ +£ (r)£*, A_(r)= lim e-'e^I+^rk*, 

where the chosen branches of A^-{t) are as in Fig. 1. Then if(z|r) = K(z\t + 1) implies 
that A 1 + £ {t + 1) = Ai+ e (r), ^ +1 °+ £ (t + 1) = ^[+ 1+e (r)Ai+ e (r) = AJ+ £ (t)^+ £ (t) with the 
decomposition of Fig. 2, so A + (t+1) = A+(t), aJ{t+1) = aJ(t)A + {t), so e(r+l) = **e(r), 
which settles the case g = 




e 1 l+e e 1 l+e 



Let w := —z/t, then 

9 ... 1. _„j„ / -t n s . d 
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So 



A-(-l/r)=e— '-(IT A)(A-(t))., 



Then 



A + (-l/r)= lim ( £ -*^+ £ (-l/r) £ *) 

= lim (g A)((-r) t (-er)-*e-^)A =e V-(r)(- £ r) t (-r)- t ) 

-T 



see Fig. 3; and 



= (-r) t -(^^)(A^r)- 1 )-(-r)-\ 



A_(-l/r) = lim e-*e x 4~ 1/T)+e (- 1 /T)e t 
lim • (II A)(e x( - _£) Ai.-f (r)e x£ ) 



e-s-0+ 



= lim (-r^-re)"' • ( ~Z \ ){A^{r)) ■ {-re)\-r)- 



= (-t)* ■ ( g AJ^-WAhW^W" 1 ) • (-r) 



see Fig. 4. The result for g = 6 then follows. 



path for 



1 



Fig. 3 



path for 



1st 



Fig. 4 




1— T — ST 



□ 



Proposition 67. FFe have 



d 



— e(r) = e(r) * (-2?ri)(e_ + a 2fe £ 2fe+2 (T)<5 2fe ) , 



fe>0 



w/iere E2k+2( T ) is the Eisenstein series of weight 2k + 2, equal to 1 at i oo. 

Proof. In [CEE], we constructed a function F( 2 )(,z|t), valued in exp(tf 2 ) x Aut(ii 2 ), such 
that d x FW(z\r) = K(z\t)F^(z\t) and 

^F^(z\r) = ^(e_ +^a 2fe i? 2fe+2 (r)^ - g(z, a dx\r)(t))F^ (z\r\ 

k>0 

where K(z\t) = - ^ffff^f (y) and. 9 (z,x|T) = eg^ffr) + *I T ) ~ t( z I t )) + ?r. with 
F( 2 )(z|t) ~ z*exp(^ z T (e_ + ^fc>o a 2fc4^)) (in the notation of loc. cit., e_ = A ). 

Then F(z\t) = F^ (z\t)ip(t), where ip(r) takes values in exp(if 2 ) x Aut(tf 2 ). It follows 
that for some function £(r) valued in if 2 x Der(if 2 ), we have 



d_ 



F{z\r) = ^(e_ +^5 2fcJ B 2fe+2 (r)^ ) - 5 (z,adx|r)(t))F(z|r) -F(z|rK(r). 



fe>i 
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Define t](t) by 

Z(t) = ^(e- +^a 2 ^ 2fe+2 (r)4 2 fe ) ) + ry(r), 

fc>0 

then as - g (0, ad x\r)(t) = J2k>o ^k E 2 k+ 2 (T) {ad x) 2k (t) we get 

(46) |: F(z|T) = ^Ti (e - + E «2fe^+2(r)5 2fc )(F(z|r)) 

fe>0 

+ adx|r)(i) - fl (0,ada:|r)(t))F(z|r)-F(z|r)j,(T). 

Taking into account F(z\t) ~ z* as z -> for any r, we get ry(r) = 0. Define A^(t) by 
i^(r) = 1 and 5 Zl i^(r) = \t)A z £ (t). (46) then implies, with g(z\r) := g(z,adx\r)(t) - 
g(0,adx\r)(t), 

fc>0 

E~ l A\ +e {T)s t satisfies the same equation, with g{z\\r) (resp., g(zo\r)) replaced by e~ t g(e\r)e t 
and e~ t g{e + 1|t)£ 4 , which both tend to as e — > 0. It follows that d T A + {r) = ^(e- + 
Efe>o a 2 fe^ 2 fe+ 2 (r)(5 2fe )(i + (r)). 
Similarly, 



drA^{r) = -l(e. + J2^kE 2k+2 (r)5 2k )(Al+%T)) 



k>0 



So 



/ 1 / i \ 0(t + e + ad x r) ad x \ Jt .-. , 7 T+F , . 1 , . . 
+ G^ + ^ - ^(r + £ |^(adx|r) ^j^^ " ^r)—g{s\r). 

d T {e- t e 2nix A T £ +e (T)e t ) 

= ^ (e_ + V a 2fe £ 2fc+2 (r)(5 2fe )( £ - t e 2 - -i-+ e (r) £ t ) 
Ztt i f— * 



fc>0 



/ . ,, _ t 27 r\ X \( 1 / ix #(t + e + adx|r) adx . 
+ (Ad( £ g (r + e |r)- ^ + £|T)g(ad ^ |r) (»)) 

+£- t e 2Tia; ^7(e- +E"2^2fe+2(r)5 2fe )(e- 2 --) £ *) • ( £ -< e 27ri ^+ £ (r) £ <) 



fe>0 



-( e -*e 2>ri!B ^ +e (r) e *) • (^^(elrje*). 



Identity (7) in [CEE] implies that the parenthesis in the third and fourth lines equals Ad(e t ){ 2 ^\9{ 
As before, we get in the limit e — > 

T i_(r) = — -(e_ + Va 2 feS 2 fe+ 2 (r)(5 2fe )(i_(T)). 

Z7T 1 f— * 



fe>0 
• 27r i 



As a 2k = (2ni) 2k+2 ~a 2k and A ± (t) = ( 2 £ 1 (2jr ° rl ) (i±(r)), we get 9 r A±(r) = -27ri(e_ + 
E fe > a 2 fe-E 2 fe+ 2 (T)(5 2 fe)(A±(T)). □ 

Proposition 68. 

o(§kz) = lim e(r) * (-^-) ,5o exp(27riT(e_ + Va 2fe( 5 2fe )). 
r^ioo Ztt '-^ 

k>0 
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Proof. Let e(r) = (A+(t),A_(t)) and <j{<S> K z) = (A+ Z ,A KZ ). In [CEE] , proof of Prop. 4.9, 
we show that liniT^i oo A + (t) = (i /27r) since [e-+^2 k>0 a,2k0~2k, A\ z \ — 0, we also have 

lim r ^ ioo e 27riT(e - +l: '=>" a2fc<52fc) (A + (T)) = (i /2ir)- s °A+ z . In Lemma 4.14, we get an asymptotic 
expansion for A_(t) and at the end of Thm. 4.11, we compute lim r ^ ico e 27rir ( e -+£fc>o a 2k$ 2 k) (t)) = 
(i/27r)- 5 «(A^). □ 



8. Isomorphisms of Lie algebras 

Let k be a Q-ring. As Ell{k) is a torsor, each e G Ell(k) gives rise ro an isomorphism 
« e : GT eH (k) -> GRT e n(k), defined by g * e = e * i e (g) for any g G GT eH (k). Similarly, any 
<f> G M(k) gives rise to an isomorphism i$ : GT(k) — > GRT(k) defined by the same conditions. 
We then have a commutative diagram 

GT e „(k) l A GRT e „(k) 
(47) I I 

GT(k) 4 GRT(k) 

where $ = im(e £ Ell(k) — > M(k)). In particular, i e restricts to an isomorphism i e : R e u(k) — > 

i?fj" z (k). When e G im(M(k) A E«(k)), the isomorphism i? eH (k) ^> #f«(k) is compatible with 

i* and the action of G(R)T(k) on both sides via the lifts G(R)T(k) A G(R)T e(; (k). 

k 

The isomorphisms i e induce Lie algebra isomorphisms gt^ u — > fltt eH , restricting to t£ H — > 
tfj"/ , compatible with the nitrations and whose associated graded isomorphisms are the canon- 
ical morphisms from the end of Subsection 6.6. Since Ell(Q) ^ (e.g., because it contains 
ct(M(Q))), we obtain: 

Proposition 69. We have isomorphisms Qi eU ~ gr(gt eH ) = Qtt eU and x e u ~ gr(x e ii) = tfJJ. 

GL^Z GT eH (k) GL^Z GRTeii(k) 

Composing (47) with | | we obtain a commutative diagram | | 

{±1} -> GT(k) {±1} -> GRT(k) 

inducing morphisms i3 3 = SL 2 Z — > i? e ;; (k) — > i?^ (k) . 

When k = C and e = e(r), e^z, we now make explicit the morphism £> 3 — ► i?^(C). We will 
see that its image is contained in exp(b+' c ) x SL 2 (C) c i?^(C). 

Define F(t) as the map ft — > exp(b 3 f ' ) x SL 2 (C) such that 



d T F(r) = 2rri( e _ + ]T a 2fe £ 2fc+2 (T)<5 2fc )F(T-) 

fc>0 

and F(t) ~ e 27ri ( e -+£ fc >o a 2k E 2k+2 (r)S 2k )r as r ^ ioo _ T h en the map r e (r) * F(r) is a 
constant, and 

(48) ejfz = e(r) * F(t) for any r G f). 

Moreover, for any g G -B3 with image <? = (° ^)g SL 2 (Z), we have 
(49) 

5*e(r) = e( 3 T)(J[+ 5 i) (7T + 4) -i) * = e(r) * F(t)%) _1 ( ( 7T+ ° 5 )-0 '= e(r) * i e(T )(ff), 

where the second equality follows from (48) for r and gr (= means modulo e C(5 °). It follows 
that 

i e{T) (g) EffTjFW-^jJ., (7T +« ) -i)" 1 - 
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Acting from the right by F(t) in the equality between the first and the third term of (49), we 
get g * e KZ = e KZ * F^r)" 1 (J^n ( 7T + tf) -0~ ljr ( T )' so 

i eKZ (5) = w^sj (7T+ vo -1 ^) 

for any t G ij. It follows that i e f T ),i eK z are morphisms £> 3 — > exp(b 3 f,C ) x SL 2 (C). The 
composite morphism B 3 — > exp(6 3 f ' C ) x SL 2 (C) — > SL 2 (C) is g i->- ( _ ,/" 2 tt i) ^J'^)- 

Recall that B 3 C Aut(F 2 ) is generated by <f, 9 given by * : X, Y ^ X, YX and 6 : X, Y i-> 
lyi- 1 ,!- 1 . We also set := etfe -1 : X,Y ^XY~ X ,Y. 

Then 

Jejfz (*) = F(t + l)" 1 ^) = cxp(-27ri(e_ + £ a 2fe 5 2fe ))e^° =: V, 

fc>0 

and since i eKZ (Q) = (^iriy 1 cT')' *e KZ ( < i )_ ) = exp£ = where = (2-7T i)~ 1 (e + +clement 
of b 3 ' + )- We have therefore 

* * [Akzi A kz ) = (^kz^kz^kz) = (Ak Z * ip, A KZ * tp) = (A\ z , A kz ) * tp, 

and 

* (A KZ , A KZ ) = {Ax Z (A KZ ) 1 ,A KZ ) = (A^ z , A KZ ) * tjj_. 

Remark 70. (Relation with the Drinfeld generators of gttj If e G <r(M(k)), then _B 3 i?f[ / (k) 
is equivariant w.r.t. the actions of a(— 1) = (o -i) on £? 3 = SL 2 Z and of im(— 1 — > GRT(k)) 

on R 9 e u{k). Then im(-l G GT 3 *A Z GRT(C)) is an element guz = {hKZ,—l) where Hkz G 
GRTi(C); the homogeneous components of loghxz yield the Drinfeld generators of flrtf. This 
equivariance is expressed as (V'i) -1 = ~{gKz)ip±o~(gKz)~ 1 , where tp + — ip. □ 

We then prove: 

Proposition 71. For e = eKZ, the isomorphism i e : R e u(C) — > i?f ; r ; (C) restricts to an isomor- 
phism (B 3 )(C) cxp(fa+' c ) x SL 2 (C). 

Proof. i e ((B 3 )(C)) is the Zariski closure of the subgroup of R 9 J U (<C) generated by tp±. These 
are elements of exp(fa 3 f ' ) x SL 2 (C), which is Zariski closed, so i e ((B 3 )(C)) is contained in this 
group. On the other hand, the Lie algebra of this Zariski closure is the topological Lie algebra 
generated by \ogtp±. It then suffices to prove that this Lie algebra coincides with b 3 . 

Equip Aut(_F 2 (C)) with the topology for which a system of neighborhoods of 1 is Aut n (F 2 (C)) = 
{9\Vg G F 2 (C),%) = g mod F 2 (n) (C)} C Aut(F 2 (C)), where F 2 (1) (C) = F 2 (C) and F 2 (n) (C) = 
(F 2 ™ 1 '(C),F 2 (C)). This induces a topology on i? e «(C), which we call the prounipotent topol- 
ogy as it may be induced by the inclusion R e u(C) C F 2 (C) 2 , -F 2 (C) being equipped with this 
topology. 

Lemma 72. (_B 3 )(C) C R e u(C) is closed for this topology. 

Proof. We have (B 3 )(C) = PicegG, where Q — {G(C)\G c R e ii{—) is a subgroup scheme 
such that G(Q) D B 3 }. It then suffices to show that each G(C) is closed in the prounipotent 
topology. Define coordinates on R e u(C) as follows: R e u(C) 3fln (cb,db)b, where b runs over 
a homogeneous basis of f 2 (generated by £ — log A, 77 = log F), e.g., {b} = {£, 7/, [£, 77], . . .}, and 
log^(e^) = ^2 b Cbb, \ogd(e v ) — ^2 b df,b. Then G(C) is a finite intersection of sets of the form 
{8\P(c£, c v , . . . ,d^,d v , . . .) — 0}, where P is a polynomial in (c&, <4)b, vanishing at the origin. 
Such a G(C) necessarily contains R e u(C) fl Aut"(F 2 (C)) for a large enough n. □ 
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It follows that i e ((P 3 )(C)) C exp(b^' ) x SL,2(C) is closed in the prounipotent topology of 
i?^(C) (as in the case of R e u(C), it is defined by the inclusion in Aut(ff )), so Liei e ({B 3 )(Cj) G 
S3 is closed. 

Recall that logV> = -27ri(e_ + J2k>i a 2k&2k) + ^T^o € Liei e ((B 3 )(C)), while log-0- G 
(2^i)- 1 (e + + b 3 + ' C ). 

Lemma 73. Let g C bg be a closed (for the total degree topology) Lie subalgebra, such that 
g 3 e±, where: e + = e++ terms of degree > 0, e_ = e_ + J2k>o a 2khk - tV + J2 P >i, q >i 
degree (p,q). Then g = b^. 

Proof. Set Q — (Bk>oQ2k '■= bg (decomposition w.r.t. the total degree), Q := bg. Set 
G>2k '■= Ilfe'>fe Gik'i then Q = Q>q D Q> 2 D ... is a complete descending Lie algebra filtration 
of G, with associated graded Lie algebra Q. Set g> 2 k :=gn Q 2 k, then g = g> 3 g>2 D ... is a 
complete descending filtration of g. Let gr(a) := ®k>o9>2k, where gr(g) := 0>2fc/0>2(fc+2)- We 
then have an inclusion gr(g) C Q of graded Lie algebras. We now prove that gr(g) = Q. 

As e± G g = g , gr(flo) contains e±. Set h := [e+,e_]. Then [e+,e_] = /i + Z) P) ,>i 
terms of degree (p, q), and [ft, e_] = — 2e_, [/i, (5 2 „] = 2n5 2n . Then g 9 P(ad[e + , e_])(e_) = 
P(-2)A + E„>o a 2nP(2n)S 2 n + E P >i.,>i terms of degree (p,q) (with a = -yj). Taking P 
such that P(-2) = P(0) = . . . = P(2fc - 2) = and a 2k P(2k) = 1, we see that g contains 
an element of the form S 2k + J2 P >i q >i terms of degree (p,q). Applying (ade_) 2fc to this 
element, and using the fact that (ade_) 2fc (x) = for x G Q of total degree < 2(k — 1), we see 
that g contains an element of the form (ade_) 2fe (<52fc) + terms of total degree > 2(fe + 2). 
As the latter sum belongs to 0>2(fc+i)> wc obtain that (ad e-) 2k (8 2 k) G gr(g)2(fc+i)- The Lie 
subalgebra gr(g) G Q then contains e± and (ad e_) 2fe (<5 2 fe), k > 0. As (ade_) 2fc+1 (5 2k ) = 0, 
(ade+) 2fe (ade_) 2fe ((52fc) is a nonzero multiple of 8 2k . So gr(g) = Q. It follows that g = Q. □ 

End of proof of Proposition 71. Applying Lemma 73 with e + = 27T i log ■0_ , e_ = — (27ri) _1 log-0, 
we get z e (Lie(P3)(C)) = 63, as wanted. □ 

9. Conjectures 

9.1. A generation conjecture (GC). The Drinfeld generators of grtj are obtained from the 

homogeneous decomposition of the logarithm of im(— 1 G GT J A- z GRT(C)) • can(— 1), where 
can : C x — > GRT(C) is the canonical morphism. The analogue of the conjecture that these 
elements generate grtj is then: 

Conjecture 74. (Generation Conjecture) 63 C is an equality, i.e., rf[ ; is generated by s\ 2 
and the S 2n , n > 0. 

This conjecture is equivalent to the inclusion exp(b 3 f,k ) x SL2(k) G P^(k) being an equality. 

Proposition 75. GC is equivalent to the Zariski density 0/P3 C R e ii{—), i-e., (S3) = R e u(—). 

Proof. According to Lemma 33, (S3) is uniquely determined by its Lie algebra. This fact 
and Proposition 32 immediately imply that (S3) = R e a(— ) iff the inclusion Lie(u+,w_) = 
(log -0, log tp- ) G Lie R e ii(—) is actually an equality. Tensoring with C, this holds iff (log ip, log ip- ) c G 

is an equality. On the other hand, GC holds iff bg ,C G is an equality. Now i eKZ sets 
up a diagram 

(iogv,iogv>-> c ^ «Si 

~J, l~ 

D 3 ^ r eH 

It follows that the upper inclusion is an equality iff the lower is. □ 
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9.2. Relation with a transcendence conjecture. We first present the transcendence con- 
jecture. 

9.2.1. The coordinate ring of associators. The functors {Q-rings} — > {sets}, k n- M(k), M(k) 
may be represented as follows. Let pent k : exp^) — > exp^l), hex : kxexp^) — > cxp(tg), dual : 
exp(f^) exp(t^) be the maps pent($) := lhs((21))- 1 rhs((21)), hcx(/i, $) := lhs((20)) rhs((20))-\ 
dual($) := $$ 3 ' 2 .!. 

Let B,B',C be homogeneous bases of f2,t3,t4- Let fi,<j)b (b G B) be free commutative 
variables and set k := Q[<fib,b G B], ki := Q[/z, ipb,b G B\. Then k C ki. Let $ := 
ex P(Z)bes fbb) G cxp(f2°) C cxpQg 1 ). For b' G B' , c G C, define pent c , duaL/ G k C ki by 
E ce cP ent c c = log(pent($)), Eb'es' dual b' °' = log(dual($)), Et'es' hex b' = log(hex(^, $)). 

We then set Q[M] := ki/(pent c ,duaL/,hex 6 ,,&' G B',c G C) and Q[M] := QiK]^ 1 ] = 
Q[/i ±:L , <ph, b G B] /{ideal with the same generators}. Then for any Q-ring k, we have (functorial 

M(k) ~ Hom Q . rings (Q[M],k) 
in k) bijections ci |c 

M(k) ~ Hom Q _ ri „ gs (Q[M],k) 

9.2.2. The Transcendence Conjecture. The KZ associator (27ri, $jfz) G M(C) gives to a mor- 
phism : Q[M] -> C. 

Conjecture 76. (Transcendence Conjecture) (fKZ is injective. 

We set k M zv := im(Q[M] ^ z C). This is a subring of C (according to [LM], this is the 
subring generated by (27ri) ±1 and the MZVs (multizeta values)). 

9.3. Consequences of GC. 
Proposition 77. The inclusion 

(50) i e (B 3 ) c exp(b+' c ) x SL 2 (C) 

holds: 

(a) for any e G Ell(C) x M(c) {$> K z} iff f>3 < rf[ ; ; 

(b) for any e G <r(M (C)) iff [tr(fltt), b 3 ] C b 3 ; 

(c/ /or any e G Ell(C) iff bs<Qtt eU , i.e., iff the two above-mentioned conditions are realized. 
Moreover, GC implies that (50) holds for any e G Ell(C). 

We do not know whether the Lie algebraic statements in (a), (b), (c) hold, so they may be 
viewed as conjectures implied by GC. 

Proof. Note first that for any e G Ell(C), and by Zariski density (50) «■ (i e ((B 3 )(C)) = 
exp(b+' c ) x SL 2 (C)). 

We now prove (a), e G Ell(C) x M ( C) {$kz} iff e = cr(® KZ ) * g for some g G i?f[ z (C). So 
((50) holds for any e G Ell(C) x M(c) {<5> K z}) 

* (9(M* KZ )((Bs)(C))) = cxp(b+< C ) x SL 2 (C) for any g G fl£(C)) 
<S> (g(T) = F for any g G fl^j(C), where F = exp(b+' C ) x SL 2 (C)) 
^(b3<^). 

Here the second equivalence follows from Proposition 71. 
(b), (c) are then proved in the same way using 

(e G o-(M(C))) <=> (e = a(<f> KZ ) * a(g) for some 5 G GRT(C)), 

(e G Ell(C)) <=> (e = o-($kz) * .9 for some g G GRT eW (C)). 
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The equivalence (c) <^> ((a) and (b)) follows from Qtt eU = cr(jjtt) ©t^. Finally, GC means that 
(sl2,<>2fc) = tfjj, which immediately implies (a), (b) and (c) as x 9 J u <gtt eH . □ 

9.4. Consequences of the Transcendence Conjecture (TC). 

Proposition 78. If TC holds, then for any Q-ring k and any $ G M(k), V($)(-Bs) C 
cxp(b+' k ) x SL 2 (k). 

Proof. Recall that (B 3 )(-) ^ R e ii(-), cxp(b+) x SL 2 (-) ^ R 9 e u(-) arc inclusions of 
Q-group schemes, and Ell — > M, M — > M are morphisms of Q-group schemes. 

In the notation of Definition 46, any x G X(k) gives rise to a morphism i x : G(k) — > #(k), 
defined by g * x = x * i x (g) for any g G G(k). The assignment functorial in the 

following sense: if k — > k' is a morphism of Q-rings and x' := im(x G X(k) — > X(k')), then 

G(k) % H(k) 
G(k') *4 ff(k') 

commutes. 

For any Q-scheme X and any Q-ring k, let X ® k be the k-scheme (X ® k)(k') := X(k') 
for any k' G {k-rings}. Again with the notation of Definition 46, a torsor even gives rise to 

an assignment X(k) 3 x i-> (G <g> k -4 i? (g> k), where i k is a morphism of k-group schemes, 
defined by: Vk' G {k-rings}, g * x — x * i k (g) for any g G (G <g> k)(k') = G(k'), where 
5 := im(a; G X(k) X(k')). 

In particular, Q KZ G M{k M zv) gives rise to an isomorphism V($ /fz ) : R e ii{-) ® k M zv -> 
^e«( — ) ® kjifzy, and therefore to a Lie algebra isomorphism Liev( $KZ ) : t e « ® k MZV — > 
(x 9 J u ® 1cmzv) a , whose <8>k M zvG * s the infinitesimal of the isomorphism of Proposition 71. 

The group scheme inclusions (i? 3 )(— ) C R e ii{—) and exp(bg) x SL 2 G ) give rise 

to Lie algebra inclusions Lie(£? 3 )(— ) C t e « and b 3 C tf[ ; and Proposition 71 implies that 
Lic2 (T ($ fcz ) <8>k M zv C restricts to an isomorphism Lie(B 3 )(— ) ®q C — > (b 3 ®q C) a . This implies 
that Liei (T ($ /fz ) restricts to a Lie algebra isomorphism 

Lie(-B 3 )(-) ®q k M zv -> (b 3 ®q k M zv) A - 

We have Lie subalgebras Qlog^i <B> kMzv in the l.h.s., mapping to (Qe± + terms of degree 
> 0) ® kuzv in the r.h.s. (where e + = e, e_ = /, tp + = ijj). This induces a diagram 

(B 3 )(-)®k M zv l ' ( ^ z) (exp(b+) x SL 2 ) ® k M zv 
ct tc 
G a ® k M zv = Ga <S> k M zy 

If now 4> G M(k), the transcendence conjecture says that there exists a Q-ring morphism 
kMzv k, such that $ = tp*($Kz)- Applying this morphism to the above diagram, we get 

(£ 3 )(-)®k ^ (cxp(b+) x SL 2 )<g>k 

ct tc 
G a <g> k = G a <8> k 

Taking k-points, we get a commutative diagram 

(S 3 )(k) ^ exp(b+< k ) x SL 2 (k) 
ct tc 
k k 
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The image of 1 G k is tf± C (-B 3 )(k); then v w (*±) £ cxp(b^ k ) x SL 2 (k) C exp(fa+' C ) x 
SL 2 (C). □ 

10. Proofs of Proposition 5 and Theorems 6, 7 and 8 

10.1. Proof of Proposition 5. As in [Na], let So : Gq — > 7Ti(M^ 12 ,£) be the section induced 
by the point £. The diagram m(M^ 12 ,£) Gq is described by the semidirect product decom- 
position m(Mi 12 ,£) ~ -B3 xi Gq, where the action Gq — > Aut(2?3) is g*x := So(g)xso(g)~ 1 ■ On 
the other hand, the diagram GL 2 (Z ) ±4 Z x is described by the semidirect product decomposi- 
tion GL 2 (Z) ~ SL 2 (Z) x Z x , where the action Z x -> Aut(SL 2 (Z)) is A»m := i)m($?) _1 . 

Let cti,ct 2 be the Artin generators of B 3 (denoted 01,02 in [Na]). As SL 2 (Z) is profinite, 
there is a unique morphism 

5 3 ^SL 2 (Z), x^x 

extending the quotient morphism B 3 — > B 3 /Z(B 3 ) ~ SL 2 (Z), a\ i-> (JJ), er 2 i-> (Ji?). 
We will show that this morphism is compatible with the actions and the cyclotomic character 
X :G Q ^Z X . ^ _ 

We first make the action of Gq on B 3 explicit. Let us denote the map Gq — > GT C Z x x F% 

by 9 !->■ (x(p)>/g)- Using the formula /?o(ff) = °i P2 ^-So(<7) m [Na] before Proposition 4.12, and 
Corollary 4.15 in the same paper, we obtain 

a * CTi = cr* (s) , g*a 2 = Ad a - Sp2(g) (o£ (fl) ) 

(here p 2 : Gq — > Z is the Kummer cocycle related to the roots of 2). 
Then 



^ = ^ ) = (if)=(f:)(J!)(f:)" 1 =xfe)'(J!)=x(9)^i; 

on the other hand, Corollary 4.15 in [Na] says that 

/ 9 ((j 1 ) I (- i 2 ?))-±(V 2 ( 9 )?)( x(9 o rl x( ° ff ))(r 8 ''i (9) ) 

(identity in SL 2 (Z)), therefore 



T x(s) 

x(g) 

. \ C 1 \ / y(a) 



g*o 2 - Ad -8 P2(3 ) 2 ^ 9 - Ad (x(g) o 1 \(-x(s)°) 

±l > v(o)- 1 A8p 2 ( 3 ) lj 



^);)(_ i i?)(^)?)- 1 =x(5)-a 2 . 



It follows that S3 — > SL 2 (Z) intertwines the actions of Gq and Z x , as claimed. □ 
10.2. Proof of Theorem 6. We first prove: 



Proposition 79. There is a morphism 7Ti(M^ l2 ,£) — >• GT e ;/, compatible with the semidirect 
product structures; namely, the diagram 

ni(Mf l2 ,0 3 Gq 



GT e ii 3 GT 
commutes. 
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Proof. We first set R e u :— Ker(GT e ;; — > GT). Recall that R e u is a subgroup of Aut(F 2 ). 
Aut(F 2 ) is profinite ([DDMS], Thm. 5.3), and the map Aut(F 2 ) ->• F 2 , 6 i-> (9(X),9(Y)) 
is continuous (loc. cit., Ex. 2, p. 96). As R e u is the preimage of 1 by a continuous map 
(F 2 ) 2 — > (Bi y3 ) 2 x F 2 , it is closed, so R e u is a closed subgroup of Aut(F 2 ), hence is profinite. 

As im(i?3 = SL 2 Z — > Aut(F 2 )) C R e ii, we obtain a morphism B 3 — > R e ii, which extends to 
a morphism 

S 3 =7Ti(M 1 Q l2 ®Q,0^^ 

as i? e ii is profinite. 

We now prove that the morphism B 3 — > R e u is compatible with the actions of Gq and GT 
on both sides via So and a and the morphism Gq — > GT, i.e., the commutativity of 

Gq x B 3 ~¥ B 3 

(51) _ I ^ J. 

GT X R eU -> i? e H 

According to [Na], Section 4, the upper action is compatible with the actions of a, (3 of Gq, 
B 3 = 7Ti(M^ l2 ,£) by automorphisms of F 2 = tti(C^ eg) Q,£), where G^ is the fiber over £ 
of M^ 2 — > Mj\ and £ is a tangential base point close to the marked point of Gg; namely, 
a {9 *"f) = /3(5)Q : (7)/3(g) _1 for any g £ Gq, 7 G 7Ti(M ljl 2 ® Q, £), where a, (i are the morphisms 

to Aut(7Tl(C £ ,0). 

The commutativity of the diagram (51) then follows from that of 

-»■ Aut7n(Q,0 

'1 I 

fleU Aut(F 2 ) 

which we have showed above, and of 

Gq ->■ Aut7ri(Q,|) 
I I 
GT e;i -> Aut(F 2 ) 

which we now show. 

According to [Na], Corollary 4.5, the action of Gq on 7Ti(G £ ® Q>0 may be described as 
follows. 7ri(Gj <g> Q,£) is topologically free, generated by xi,x 2 . The action of 7 6 Gq on this 
group is 

(52) 7* (an) = ^(X!,^)^ 7 ^!,^)- 1 , 

(53) 7*^2) = f 7 (x 1 ,z 1 )xl- xM f^ 1 (x 1 ,x^z 1 x 1 )- 1 x 2 x^ l) - 1 f 7 (x 1 ,z 1 )-\ 

where Z\ = (x 2 ,Xi) = x 2 x 1 x 2 " 1 x^ 1 , 7 i-> (xMi/y) 1S the map Gq — > GT, and /^ >ol (a, 6) = 

/ 7 (6,c)fe(xW- 1 )/ 2 / 7 (a^) for a&c= 1. 

Under the identification xi n> A, x 2 i-> Y, formula (52) corresponds to the expression of g + 
in Proposition 35. We now prove that (53) corresponds to g_ in the same Proposition. For this 
we must show that 

f(X, (Y, X))X 1 ~ x f°° 1 (X, (A- 1 ,r))- 1 FA A - 1 /(A, (Y, A)) -1 
= Z^- i y 2 f(X- 1 Z-\Z)Yf(X, (Y^X))- 1 

for (A, /) £ GT and Z = (Y, X); this is a straightforward consequence of the octagon identity 
f(X- 1 Z-\Z)(ZX)- x f(Z, A- 1 Z- 1 )Z( A+1 )' /2 /(A, Z)X x f(Z, X)Z (X - 1 ^ 2 = 1, 
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which follows from the hexagon and duality identities. □ 

We now describe the groupoid T e u^ n . Its set of objects is Ob(T e u in ) = {(t, <p)\t is a 3-valent 
rooted planar tree with n leaves, ip : L t — > [n] is a bijection from the set of leaves of t to 
[n] = {1, . . . , n}}. Note that the planar structure on T induces a total order on L t . We then 
set T e ii yn ((t,ip), (t',ip')) :— Bi_ n Xs„ {<fit'i<Pt}, where i : L t — > Lf is the only order-preserving 
bijection. We define T e u in , T l eU n , T e u, n {— ), as the profinite, pro-?, prounipotent completions of 
T e ii >n . The objects of T eHj „ correspond to maximally degenerate elliptic curves. For example, 
the following diagram 




2 13 4 5 



corresponds to the limit in M^ n of G m /g z with marked points z\ — e 2 , Z2 — 0, 23 = e, 
z 4 = e + e 2 , z 5 = e + e 2 + e 3 as e/q, q — > 0. 

We will construct the action of GT e /; on T e u, n in several steps. If C is a category, we denote by 
Aut(C) its group of automorphisms (as a category, even if C has a braided monoidal structure). 

For (A, /) G GT, we define an endofunctor i\j of PaB to be the composite functor PaB < A /> 
(A, /) * PaB —> PaB, where the first functor is the unique tensor functor which induces the 
identity on objects, and the second functor is the identity functor (which is not tensor). 

Proposition 80. (A,/) is a morphism GT — > Aut(PaB). 

Proof. The identity ,f)i(\j) = *(A,/)(A',/') follows from the commutativity of the diagram 

:C: 




l (A,/)(A',/') 

in which the commutativity of the central square follows from that of 

(A,/)*C ^ (A, /) * V 

c 4 V 

for any braided monoidal categories C, T> and any tensor functor ip : C — >• V. 



□ 



One constructs in the same way a morphism GT e ;; — > Aut(PaB e «). 

We now generalize these morphisms in the context of colored categories. If Co is a braided 
monoidal category, then Ob Co is a magma (i.e., a set equipped with a composition map and 
a unit). Let <f> : M — > Ob Co be a magma morphism, then we construct a braided monoidal 
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category (f>*Co by Ob<j>*Co — M, <f>*Co(m, m') := Co(<j>(m), <p(m')) and by the condition that the 
obvious functor 4>*Cq — > Cq is tensor. If Cq — > C is an elliptic structure over Cq, then one defines 
an elliptic structure <j>*Co — > 4>*C over 4>*Cq in the same way. We then have group morphisms 
Aut C -> Aut <t>*C , Aut C -)■ Aut cj)*C. 

If S is a set, we denote by mag(S) the free magma generated by S. The constant map 
S — > {•} induces a magma morphism : mag(S) — > mag({»}) ~ ObPaB. We then set 

P^Bs = ^*PaB, PaB e ;/,s = ^PaBe/;- 

We then have composite morphisms GT — > Aut(PaB) — >■ Aut(PaB s ) and similarly GT e ; ; — > 
Aut(PaB e «, s ). 

Recall now that T e jj >n may be viewed as the full subcategory of PaB ei q„], where the objects 

are the preimages of 1+ • • • +n under the map mag([n]) — > N[n], extending the identity on [n], 
where N[n] is the free abelian semigroup generated by [n] (in which the addition is denoted 
+). In other words, T e u jTl — i*PaB e jj r n i , where i : ip (1+ • • • +n) — > mag([n]) = ObPaB eH [„] 
is the canonical inclusion. We then have a composite morphism GT e ;/ — > Aut(PaB e j; [„]) — > 

Aut(feJJ, n ). 

We now show that the composite morphism 7Ti(M^ l2 ,£) — > GT e « — > Aut(T e «) coincides 
with the action induced by the fibration Mf. l2 n l — > M^ l2 . We first prove it for the subgroup 

Define B e ;z as the category with Ob B e « = N, B e « (n, m) — if m ^ n, and B e » (n, n) — B\^ n . 
We have a natural functor PaB e ;/ -» B e ;z, defined as the length map I : mag{{»}) — > N at the 
level of objects and as the identity at the level of morphisms; we have actually PaB e ;/ ~ Z*B e /;. 
As R e u C GT e /; acts trivially on the images of the associativity constraints under PaB — > 
PaB e ;/, its action on PaB e ;/ is the lift of an action of R e u on B e z;. One checks explicitly 
that the composition of this action with the morphism B 3 — > R eU coincides with the geometric 
action of B 3 on the various groups B\. n . 

We now show that the action Gq A- tti(-^i,i 2 ,0 — * Aut(T e ;/, n ) coincides with the action 

induced by M*? l2 x 4 M® l2 h SpccQ. For n = 1,2, this is proved in [Na]. In [Mt], the 
action of Gq for general n was computed from the action for n — 1 and from the action on 
braid groups in genus 0; this action coincides with Gq — > Aut(T e H, n )- 



10.3. Proof of Theorem 7. We prove 1). The morphism GT l ell — > Aut(PaBg H ) factor- 
izes as GT ! eW ->• Aut(PaB e;/ (Q;)> PaB i«) -> Aut ( PaB Lz); the colored morphism GT l ell -> 
Aut(PaB eH ri) factorizes in the same way. We then have a commutative diagram 



"> GT l ell -+ Aut(PaB eH;W (Q ; ),PaBi HiW ) -»• Aut(T ell , n (®i)Xu,n) 

\ I I 

Aut(PaB^, w ) -> Aut(Ti Hj J 



2a) has been proved in Section 2.4 (The semigroup scheme GT eH (— )). 
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2b) Define a morphism 7Ti(M^ 12 ,£) — > GT e u(Qi) as the composite morphism m(M® 12 ,£) — > 

_ 7n(M}; ia ,o -> gq 

GT eii -> GTg H ->■ GT e H (Qi). It follows from Proposition 5 that I | com- 

GL 2 (Z ( ) -> Z* 

TnCM^O -> Gq 
mutes, and from Proposition 79 that J, | commutes. It remains to check 

GT eH (Q0 -> GT(Q0 

that 7Ti(M^ l2 ,^) ^GT e ;;(Q;) commutes; for this, it suffices to check that §3 *■ Reii(Qi) 



GL 2 (Q0 

commutes and to use that Gq s- GT(Qj) commutes. 





2c) follows from the proof of 1) and from the diagram 



Aut(PaB eHiW (QO,PaB' eHiW ) -> Aut(T eH> „(Q0,Tj Hi „) 
Aut(PaB eIJi[n] )(Q,) -> Aut(T eHin )(Q,) 



I 

GT ell (Qi) 

3) Recall that T eH ,„(k) is defined from T eHi „ by replacing S„ by Bi,„(k) = Pi, n (k) *p ln 
-Bi : n- We then define Tgjj n (k) in the same way, replacing Bi, n (k) by exp(ti „) xi 5 n . Define 
the colored version PaCD e u r n i(k) of PaCD e «(k) similarly to PaB e jM n i; then Tjf^ n (k) is a 
full subcategory of PaCD e jj ) [ n ](k). Any elliptic associator defined over k gives rise to an 
isomorphism PaB ei q„] (k) — > PaCD e (j ) [„](k) and to a compatible isomorphism GT e ;;(k) — > 
GRT e ;;(k). The former isomorphism restricts to an isomorphism T e i^ n (k) — > n (k) and we 
have a commutative diagram 



GT eii (k) 
GRT e n (k) 



Aut(PaB eH;W (k)) 



Aut(PaCD eHi[n] (k)) -> 



Aut(T eH ,„(k)) 
Aut(T e ^„(k)) 



10.4. Proof of Theorem 8. Let k be a Q-ring. For(c,g) G GRT(k), define i( c>g ) £ End(PaCD) 

as the composite functor PaCD -4 (c, g) * PaCD — > PaCD, where /3( c , s ) is the only IBMC 
functor inducing the identity on objects, and the second functor is the identity at the level of 
objects and morphisms (it is not compatible with the IBMC structures). As in Proposition 
80, one proves that (c, g) i-> i7s induces a group morphism GRT(k) — > Aut(PaCD). One 
similarly constructs morphisms GRT e «(k) — > Aut(PaCD e « ; [„]). 

Proposition 81. Let (fi, $) e Mi(k). Let : GT(k) ->■ GRT(k) &e f/ie isomorphism 

defined by $) (see Section 8), and jt^,®) ■ PaB(k) — > PaCD be the isofunctor obtained as 
the unique braided monoidal functor PaB(k) — > $) *PaCD which is the identity on objects. 
Then the diagram 

GT(k) Aut(PaB(k)) 
GRT(k) -> Aut(PaCD) 
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commutes. In the same way, for any e G Ell{k), the diagram 

GT e „(k) -»• Aut(PaB eHjW (k)) 

(54) i e i ll e 

GRT e „(k) ->• Aut(PaCD e „ iW ) 

commutes. 

Proof. Let (c,f) G GT(k), (c, ff ) := j(„,*)(c,/) so (c, /) * ( M , $) = ( M , $) * ( C)S ). We will 
prove that 

(55) o i {c}) = i {cg) o j^y 

Denote by can( c j) : (c, /) * PaB(k) ^> PaB(k), cari( Ciff ) : (c, g) * PaCD —> PaCD the identity 
functors. In the diagram 



PaB(k) 3<A "" > (jj,, $) * PaCD 



(f*,*)*0(c, 9 ) 



(c, /) * PaB(k) ^ ( (c?/) * (/x, $) * PaB(k) — ^ ( M , $) * ( C) ff ) * PaB(k) 

can (c , /) 

t>r*)*can (CjS) 

PaB(k) : ^ (/i, $) * PaCD 

the upper square commutes as it is composed of tensor functors which induce the identity on 
objects, while the lower square commutes because the horizontal functors coincide and the 
vertical functors are the identity. This implies (55). □ 

Assume now that (/z, $) = (27ri, <&kz) G M(C). Using (54) and Proposition 71, we get a 
commutative diagram 

(B 3 )(C) Reu(C) ^ GT eH (C) -> AutPaB eH;W (k) -> AutPaB eH;H (k)(0) 

° X fsL;?cf + ^ ^(C) ^ GRT eH (C) -> AutPaCD eH;W -> AutPaCD eH>] (0) 

for any object O. The infinitesimal of the left vertical arrow is a filtered isomorphism Lie(i?3) c ~ 
63 , whose associated graded isomorphism is the canonical identification. Taking for O a paren- 
thesization of the word 1 • • • n, the isomorphism i e : PaB e jn„i (k)(0) — > PaCD e ij u (O) yields 
an isomorphism Lie_Pf„ ~ V[ n , whose associated graded is the canonical identification. The 
infinitesimal of the total diagram says that these isomorphisms are compatible with actions, 
i.e., 

Lie(B 3 ) c -> DerLie/f„ 

I I 
bf -> Der(t£„) 

commutes. The fact that there exist isomorphisms over Q with the same properties follows 
from the following Lemma 84, which we prove after some preparation. 

The following lemma was communicated to us by P. Etingof; it is inspired by the results of 
[Dr]. 

Proposition 82. Let U = lim^ Ui be a prounipotent Q-group scheme (where Ua — 1 ) and 
let T := lim^Ti, where Ti are a compatible system of torsors under Ui, defined over Q. If 
T(C) ^ 0, then T(Q) ^ 0. 
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Proof. Let {/, := im([7 -> f7j), then {/ = lim<_ £/;, where • • ■ — >• C/2 -> i/i — > &o = 1 is 
a sequence of epimorphisms of unipotent groups. We set iQ := Ker(£/ — > Ui); then Ki < U. 
If we set Ti := im(T — >■ Tj), then Tj ~ T/Ki is a torsor over Ui, T is the inverse limit of 
• • • — > T2 — > T\, where the morphisms are onto. 

We may therefore assume w.l.o.g. that the morphisms Ui + \ Ui, T i+1 — > Ti are onto; if 
Ki := Ker(U -)• Ui), then T< = T/Ki. 

We now show that the projective systems ■••—>• T2 —> Ti, ■ ■ • — > C/2 — t^i may be completed 
so that for any i, Ker(Ui+i — > Ui) ~ G a . Indeed, for C/j+i — > [/' — > Ui a sequence of epimor- 
phisms, we set if' := Kcr([7 -> [/') and T" := T/if'. Then T i+1 -)■ T' ->■ T 4 is a sequence of 
epimorphisms, compatible with f/j+i — > E/' — > 

Let i G T(C). We construct a sequence (fcj)i>o, where fc, £ ifj(C), such that im(fcj • • • fc i G 
T(C) -> Ti(C)) G Tj(Q). Then fc := lim,(fc, ■ • • fc ) G f/(C) is such that kt G T(Q). 

We first construct fco. Ti(C) is nonempty as it contains t\ := im(i G T(C) — >• Ti(C)), 
hence by Hilbert's Nullstellensatz Ti(Q) is nonempty. Using then H (Gq, Q) = ([S]), we 
obtain that Ti(Q) is nonempty; let ^ G Ti(Q). Let wi G f/i(C) be such that t' x = uiti. Let 
fc G f/(C) = K (C) be a preimage of m, then im(fc t G T(C) -> Ti(C)) G Ti(Q). 

Assume that fco, • ■ • , fo-i have been constructed and let us construct fcj. Let i := fc,_i • • • hot, 
then U-! := im(i G T(C) -> Ti_i(C)) G T;_i(Q). Then T 4 (C) x T ._ l(c) is nonempty as 

it contains r := im(i G T(C) -> Tj(C)). As G Tj_i(Q), we define a functor {Q-rings} -> 
{sets}, k n> A(k) := Tj(k) x T ._ 1 ( k ) it is a Q-scheme and a torsor under Ki/K i+ \ = G a . 

We have seen that X(C) ^ 0, from which we derive as above that X(Q) ^ 0. Let r' G A(Q) 
and let ki G ifi(C) be such that fc^r = r', where fcj := im(fcj G if,(C) — > -fQ/iQ-i^C)); then 
im(fci ■■■k te T(C) -> Ti(C)) = im(fc;t G T(C) -> T 4 (C)) = fc 4 r = r' G T;(Q). □ 

Let C be the class of Q-Lie algebras g, equipped with a Lie algebra filtration g — g a D g 1 D • • • 
(i.e., [g\ g 3 ] C H ~- J ), for which g is complete and separated, and such that each gr^g) = g l /g l+1 
is finite dimensional. 

We denote by gr(fl) := ©i>og r i(fl) the associated graded Lie algebra. For g G C and k a 
Q-ring, we define g k as lim < _(0/g ra ) ® k. 

Lemma 83. Assume that g, f) are in C and that there exists an isomorphism can : gr(g) — > gr(rj) 
of graded Lie algebras. Assume that there exists a topological isomorphism 9 : g c — > f) c ; 
compatible with the filtrations and whose associated graded isomorphism coincides with can. 
Then there exists an isomorphism 9 : g -> rj with the same properties. 

Proof. We apply Proposition 82 with T the Q-scheme given by T(k) := {topological iso- 
morphisms g k — > rj k , compatible with the filtrations, whose associated graded isomorphism 
coincides with can} and U the Q-group scheme given by U(k) := {topological automorphisms 
of g k , compatible with the filtrations, whose associated graded automorphism is the identity}. 
We have Tj(k) = {isomorphisms (g/g l ) ® k — > (t)/f)*) <8> k, compatible with the filtrations, with 
associated graded isomorphism equal to can}, Ui(k) is defined similarly. □ 

Let V be the class of pairs (a, b) of Lie algebras in C, equipped with an action a x b — > b, 
such that a, x bj — > bi+j. 

Lemma 84. Assume that (a,b) and (a', b') are in V. Assume that there exist graded iso- 
morphisms can a : gr(a) — > gr(a'), canb : gr(b) — > gr(b'), and isomorphisms 9 a : a c — > a' c , 
t ?(, : b c — >• b' c , compatible with the actions and whose associated graded isomorphisms coincide 
with can a , can^, . Then there exist isomorphisms 6 a : a — V a', 6b ■ b — > b' with the same properties 
(in particular, compatible with the actions). 

Proof. We apply Proposition 82 with T'(k) := {pairs of isomorphisms a k — > a' k , b k — > b' k , 
filtered, with associated graded isomorphisms can a , canj,, compatible with the actions} and 
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U'{k) = {pairs of automorphisms of a k and of b k , filtered, with associated graded automor- 
phisms equal to the identity, compatible with the actions}. U' is prounipotent as it is a group 
subscheme of the group scheme U associated in the proof of Lemma 84 to the semidirect product 
:= b xi o (which lies in C, with gr(g) ~ gr(b) x gr(a)). □ 

11. Iterated Mellin transforms of Eisenstein series 

In this section, we define iterated Mellin transforms of modular forms; this generalizes con- 
structions in [Za] (non- iterated case) and [Ma] (cusp case). We then prove Theorem 9 and 
Proposition 11. 

11.1. Iterated Mellin transforms of modular forms. Iterated Mellin transforms of cusp 
modular forms were studied in [Ma]. On the other hand, Mellin transforms of non-cusp (e.g., 
Eisenstein) modular forms were studied in [Za]. In this section, we study iterated Mellin 
transforms of general (i.e., non- necessarily cusp) modular forms. 

Proposition 85. Let £ := {/ : iR* ->■ C|/ is smooth and /(it) = a + 0(e~ 2lTt ) as t -> oo for 
some a G C}. Set 

Fl 1 -- fn (s U ...,S n ) := f /l(itl)t' 1 - 1 dtl-"/n(itn)C" 1 dtn. 

J tQ<tl<...<t n <OC 

where fi, ■ ■ ■ , f n G £ an d to G K*. This function is analytic for 3?(sj) <C and admits a 
meromorphic prolongation to C n , where the only singularities are simple poles at the hyperplanes 
Si H h Sj ; = (1 < i < j < n). 

Proof. Set £ := {/ G £\a = 0}. Then £ = £ ® CI. When A, . . . ,/„ € £ , F^'~' fn is 
analytic on C™. Let now /i, ...,/„ G £, and set fi = fi + a i} with fi G £q. Using 



/ t s 1 i ~ 1 dt 1 ---t s 7 r 1 dt n 

Jt<tl<...<t n <t' 
n 

= E(-D fe 

we get 



t<ti<...<t n <t' 

(t'yk+l~\ hs„ ^siH hSfc 

Sk+i(s k+ i + s k+2 ) ■ ■ ■ (sfe+i H h s„) s fe (s fc + Sfe_i) ■ • • (sfe H h si) ' 



f/--^( S1 ,..., s „)=^ £ ( n ^ 

fe=l l<ii<...<i fc <ri je{l,...,n}-{ii,...,i fc } 
(_ 1 )|A 1 | + |A 2 | + ...+|A fe+1 | ^ y - j 

2^ T-rfc+l- rrfc 5 *0 '^to 1 ' ' '"(^i +SB i +SA 1 ,...,Si fc + «B* + «aJ, 

i ie {l,...ji-l}, Hi=l*>l«lIi=l*B* 

Jfce{ifc_i — 1} 

where A; := {ij_i + l, j;}, 5; := {j; + 1, - 1} for I = 1, ...,fc, and := {ife + 1, 

S A ■= J2 a eA s «> := Sb{sb + s b -i)...(s a + ... + s b ), s A := s a (s a + s a+1 )...(s a + ... + s b ), for 

A = {a, a + 1, b}. This implies the result in general. □ 

Note that F t { u -' u = { }~+^+^ ) a X t o 1+ ''' +S " + Ofto e ' 27rto ) as t -> oo, where cr depends on 
the SR(sj). 

Let now£ := {/ G £\3N > 0, /(it) = Oft"*) as i -> 0+}. Set 

Gto' "' fn ( S l' ■■■■> S n) '■= I f 1 (it 1 )t S 1 1 - 1 dt 1 ...f n (it n )C- 1 dt n 
Jo<t 1 <...<t n <t 

for /i, /„ G £. This function is analytic for 9?(s,) » 0. 
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Proposition 86. For f\, /„ e £, the function 

n 

(*!,...,«„) ^ G4 1 '"-' A («l,...,«fc)i^ +1 '""' /B (*fc+l, ■•■,*»») 
fc=0 

is analytic for 3?(s,) ^> and independent of to- We denote it L*^ /„( s i7 ■••> s n)- 

Proof. The analyticity follows from the fact that F/* +1 '"' n (sk+i, ...,s») may be viewed as 
an analytic function for 5R(sj) 3> 0. The independence of to follows from 

^G^"- ,/ *(«i,...,« fc ) = / fc (it )C" 1 G£'""' A " 1 (*i. ■•■.**-!). 

fto^ , -" ,/B (*fc,»-,*n) = -/fc(ito)C" 1 ^ +1 ''''' /B (**+l. ■•■'*"). 

where the former identity in valid in the domain 3?(sj) 3> and the latter is analytically 
extended from the domain 3?(s,) <C to 5R(sj) 3> 0. □ 

Recall that if /(r) is a modular form of weight 21 + 2, then (t i->- /(it)) G £ , f (r + 1) = /(r) 
and /(=!) = r 2i + 2 /(r). 

Proposition-Definition 87. Let /j 6e modular forms of weight 2U + 2 (i = l,...,n), then 
L*^ j (si,...,s n ) extends to a meromorphic function on C n , whose only possible singularities 
are simple poles at the hyperplanes S{ + ... + Sj = and Sj + ... + Sj = (2Zj + 2) + ... + (21 j + 2) 
(where 1 < i < j < n). We call it the iterated Mellin transform of fx, . . . , f n . 

Proof. By modularity, 

G£-- A («i, s k ) = (-l) h +-+ l *+ k F/j; o - Jl (2l k + 2-s k , 2h + 2 - Si). 

Plugging this equality in the dehnition of L*^ f n (si, • s n ) and using the poles structures of 
the functions F(^ q F^ +1 '"'' fn , we obtain the result. □ 

When n = 1, we now relate £^(s) with the Mellin transform L*(f,s) defined in [Za]. Let 
/ be a modular form with /(r) -> a as t -> ioo. Then L*(f,s) is defined for 5R(s) 3> by 
L*(/,s) = J °°(f{it) - a)t a - 1 dt. Then: 

Proposition 88. L*(f,s) = L*(s). 

Proof. L*(f, s) = J Q to fiity-^dt - af + /~(/(it) - a)* 8 " 1 ^ for > 0. 

On the other hand, G/ (s) = f(it)t s ~ 1 dt for 5R(s) > 0, while F/ o (s) = /~ /(it)^" 1 ^ = 

f^(f(it) — a)t s ~ 1 dt — for 5ft(s) <C 0. The second expression of F/ o (s) is meromorphic on 
C with as its only possible singularity, a simple pole at s — 0; in particular, this expression 
coincides with F t {(s) for K(s) > 0. Then for SR(s) > 0, £}(s) = G/ (s) + F/ o (s) = L*(f,s). 

□ 

11.2. Proof of Theorem 9. We consider the differential equation 

d T F{r) = -(e_ +^a 2J (2^i) 2 '+ 2 i? 2;+2 (T)^)F(r), 

where F : £ -> cxp(b+) x SL 2 (C) is analytic and such that F(t) ~ e -( e -+^i>o a 2 1 (2 7 ri) 2; + 2 5 21 )r 
as r — > ioo. If <z s (t) = (7T + (5)t e +' e -l exp( / ^ T 7 | _ <; e + ), then there is a morphism SL 2 (Z) — > 

exp(b^) x SL 2 (C) given by g n> c g := F (gr)^ 1 ag(r)F (t) , such that c g = g mod cxp(bg ) and 
c-i 2 = -h- 



ELLIPTIC ASSOCIATORS 



51 



We will show that ip, 6 defined in Theorem 9 are such that 

c (ii)=^UD> c (o- i ) = 

this will imply the group- likeness of 9 as well as relations (3). It is clear that ip is given by the 

expansion of Theorem 9. 

We now compute 9. Set ip(r) := cxp(Te_)F(Y), then c/ -i\ = V)^( T )> where 

Vi o / 

ip(r) is determined by 



i>a k=o 



k\ 

(>() k=0 

and 



2h 2l n 

^ = E E E - E ^fci.'i.-.fc»,i»( r ) 

n>0Ji,...,J„>l fei=0 fe„=0 

I a wo-n2ii+2 (ade-) fcl (J Ml ) , 2;re+2 (ad^^(^J 

where VWi,-,Wn( T ) = (fc 1+ I+fc„+ + n)". + (fc^+i) + ( rAre27rir ) as r ^ ioc for some TV > 0. 
The last condition on tp(r) is derived as follows: 
(a) we have 



\,.\ ... X- 1 (adA)^(a) (adA) fc "(q) 

(h + ... + k n + n)...(k n + 1) fci! "' k n \ 



' '"'' a = E 

fei,...,fc n >0 



for A, a in a prounipotent Lie algebra; we use this formula with A = — re_, a = — t(X);>o a 2z(27ri) 2 ' +2 <52;)> 
(b) we have E 21+2 (t) = 1 + (9(e 27rir ) for t ->■ ioo. 
This implies that 

= E E E - E i^ + - +fe " + -^--^(fci + i,...,k n + 1) 

n>(Hi,...,Z„>l fei=0 fe„=0 

„ ,o„n« 1+ 2 (ade-)*'(j Ml ) 2 ; n+2 (ade^-(^J 
021! (2tt i) j^j a2;„(2^i) — . 

Using the differential equation and asymptotic conditions satisfied by ^(t)" 1 , one shows simi- 
larly that 

2h 2l n 

mo)- 1 = E(-!)" E E - E i fci+ - +fe " + - F i t ;- h {k n + 1, + 1) 

n>0 Ji,...,l n >l fei=0 fe„=0 

„ ro_n2i 1+ 2 (ade_) fcl (^J ^_^2i„+2 (ad e_) fc " (<5 2 , J 
a 2 z 1 (27ri) — a 2 /„(2vri) " — . 



As 



,„ _ n -i (ade_) fc (^) /0 _n_ , ^ (ade,) 2 ' fc (^ ; ) 
U j fc! lloJ_1 j (2/ -A)! : 
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we get 

n>0 h,...,l n >l fei=0 fe„=0 

a2 ' l(2 " l} — fl2i - (27ri) — (2i n - kn )\ — 

E E ^...^i^^^ft + i,.,^!) 

"n>Oii,...,l n >l fei=0 fe„=0 

a 2il (2. j)^ ( ade -) fc ;^) ... a2l (2. i)2in+ 2 (ade )S^J x 
fci! fc„! / 

By modularity, the first term is equal to 

2ii 2l„ 

E E E-E i ' £1+ - + ' £ " + " G "(^ + i I -^« + i) 

n>0 h,...,l n >l k 1= fe„=0 

„ / „n2t 1+ 2 (ade-)*'(i Ml ) /-o.n2t„+2 (ade_) fc "(J 2 ;J 
a 2Jl (27Ti) — a 2 ;„(27ri) " — , 

■ f^n ■ 

which implies that 9 has the announced expression. 

We now prove the statement on the action of 9 on (A KZ , B KZ ). The relation between 
F(t), A K z, B K z and F{t),A^ z (see Section 8) is 

F(t) = Ad ( _ 27ri)5 (F(r)), (A K z,i?xz) = (-2ni)Z(A+ z ,A KZ ), 

where £ G Der(ti j2 ) is given by £(x) = x, £(y) = 0. According to Section 8, _1 * {A\ z , A~^ z ) = 
(A + KZ A KZ {A + KZ )-\(A + KZ )-^) = (A + KZ ,A~ KZ ) *i eKZ {&-^). Therefore 

(^zBkz^z,^) = (A KZ ,B KZ ) * Ad ( 

-27ri)« (*e K z 

Now i eKZ (6- 1 )=^(^)- 1 ( (2 4- lr ° 1 )" 1 ^) ; therefore 

Ad ( _ 2Ti) ,(z e _(e- 1 )) = f(^)- 1 (^ lT 1 )- 1 nr)= Cf0 _ lV 

T v 1 o / 

so 

(A KZ B KZ A K 1 Z ,A K 1 Z ) = (c( -i\(A KZ ),c/ -i\{B KZ )). 

\ l o / V l o / 

□ 

11.3. Proof of Proposition 11. For k, I > 0, set 

l a ,p := Span Q {(27ri)"if ii Jfcr + 1, • • • ,fc„ + l)| 

2(Zi + ••■ + /„ + n) = a + (3, fei + • • • + fc„ + n = /?} C C. 
Then (4) implies that I a ,pl a ',p' C I Q + Q '„3+,3'; in particular I := 5Z Q ^Ia,/3 is a subring of C. 
Let bg be the natural Q-form of 63. It is Z 2 -graded, and 6 G ® a ,pU(b2 ) a ,p ® I Q ,/3- As is 
group-like, this implies that log# G ® a ,p(b2) a ,p <8>I a ,/9, so 

(56) log 6 G © Q ,0(&3)a,0 ®W C @ a ,p Der(ti i2 ) a>/3 <g> I ai/3 . 

On the other hand, = e~3( 27ri ) 25 o e a= e -^ wnere q, j( 3 g Der(t^ 2 ) are given by 

a : (x,y) ^ ((^r(-°i S)logA^ z , JL ( A S)log A^fl^A^), 
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P ■ (x,y) >->■ (— logB KZ , — log A Kz y 
Then a, (3 G © a ,0 Der(ti i 2) a , l a <8> Z a+ ^, which implies that 

log 6 <= e a „a Der(t 1)2 ) a ,0 ® Z Q+ ^ . 
This and equation (56) imply that the map I h->- ® id) (log 0) is a linear map Der(ti^)a.^ — > 

Ia,/3nZ Q+( g. □ 
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